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Abstract

We estimate the latent factors in high-dimensional non-Gaussian panel data using the eigenvalue
decomposition of the product between the higher-order multi-cumulant and its transpose. The
proposed Higher order multi-cumulant Factor Analysis (HFA) approach comprises an eigenvalue
ratio test to select the number of non-Gaussian factors and uses the eigenvector to estimate the
factor loadings. Unlike covariance-based approaches, HFA remains reliable for estimating the non-
Gaussian factors in weak factor models with Gaussian error terms. Simulation results confirm that
HFA estimators improve the accuracy of factor selection and estimation compared to covariance-
based approaches. We illustrate the use of HFA to detect and estimate the factors for the FRED-
MD data set and use them to forecast the monthly S&P 500 equity premium.
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1. Introduction

Factor models are widely used to characterize the low dimensional common structure from
large panels of economic data (Stock & Watson, 2002). Factor model approaches differ in how they
estimate the latent structure. The most common approach is to use principal component analysis
(PCA) (Bai, 2003; Bai & Ng, 2013). Recently, the Gaussian quasi-maximum likelihood estimator
has been developed to reach a higher efficiency than the PCA estimator (Bai et al., 2012; Bai &
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Li, 2016). However, as mentioned in De Mol et al. (2008) and Onatski (2012), when the factors
have weak influential power, the PCA estimators have a slow convergence rate and can even be
inconsistent. This poor performance is due to the low signal-to-noise ratio of the factors when their
explanatory power decreases. As mentioned in Fan et al. (2022), the selection of common factors
based on the difference between the eigenvalues of the covariance (correlation) matrix becomes
inconsistent when the factors’ explanatory power is smaller than a threshold value, which they
refer to as the minimal signal strength.

In this study, we propose to exploit the information in the higher-order multi-cumulants to
characterize the dependence structure when the data have underlying weak non-Gaussian factors.
Under the proposed framework, we assume that the non-Gaussianity of the observed variables
only comes from the factors and set up a linear factor model with non-Gaussian factors and
Gaussian idiosyncratic errors. We use an eigenvalue-based approach to conduct factor analysis with
(N,T) — o0, labeled as Higher-order multi-cumulant Factor Analysis (HFA). We contribute to the
extant literature in two ways. First, we propose an eigenvalue ratio-based test for determining the
number of non-Gaussian factors consistently, especially the weak factor case. Second, we present
a computationally convenient factor estimation approach based on eigenvalue decomposition. We
study the asymptotic properties of the HFA estimators and prove the efficiency gain of HFA
estimators compared to PCA estimators on non-Gaussian factors.

To determine the number of non-Gaussian factors, we develop a statistical test based on the
eigenvalues of the product between the higher-order multi-cumulant and its transpose. A few recent
studies have considered the problem of determining the number of factors for the modeling of higher-
order multi-cumulants. However, this research differs from these studies significantly. Jondeau
et al. (2018) use a threshold method to identify the factors that drive co-skewness and co-kurtosis
structures across a large set of time series. Boudt et al. (2020) suggests using the information
criteria AIC or BIC based on the nearest-distance estimation between the factor models implied by
the higher-order co-moments and their sample version to select an appropriate factor model. Their
framework assumes a strict factor model only suitable for a small N. Lu & Huang (2022) propose
a higher-order cumulant test to identify the number of non-Gaussian factors in the observed factor
model. We determine the number of non-Gaussian factors by selecting the number of singular values
that drive the higher-order multi-cumulants. Ahn & Horenstein (2013) exploit the well-known fact
that the R largest eigenvalues of the covariance matrix of NV observed variables grow unboundedly
as N increases to infinity, whereas the other eigenvalues remain bounded. A similar property
holds for the higher-order multi-cumulants — the R largest singular values of the k-th order multi-

cumulant tensor are unbounded when N increases to infinity, but the others remain bounded.



Interestingly, this property in higher-order multi-cumulants holds in the weak factor model but
disappears in the covariance matrix. We exploit this to estimate the number of factors and show
how this differs from estimating R by using the covariance matrix. For asymmetric distributions,
the third-order test is sufficient to estimate R. For symmetric non-Gaussian distributions, we need
the fourth-order test to obtain a consistent estimate of R. The proposed Generalized Eigenvalue
Ratio (GER) estimator is obtained by maximizing the ratio of two adjacent singular values of the
higher-order sample multi-cumulant arranged in descending order. We show the consistency of the
proposed factor number estimator with (N,7) — oo. Our extensive simulation results indicate
that the GER estimator performs adequately in finite samples.

Further, we contribute to the literature on non-Gaussian factor estimation. We propose a
tractable eigenvalue-based approach to estimate factors and loadings. The HFA approach guaran-
tees the consistency and asymptotic normality of the estimated non-Gaussian factors and factor
loadings in the weak factor model. It is easy to implement because it only depends on the eigenval-
ue decomposition of the product between the higher-order multi-cumulant and its transpose. The
proposed HFA framework estimates latent factors based on the k-th order cumulants. When k& = 2,
HFA coincides with PCA. In the case of weak non-Gaussian factors, we recommend considering the
higher order cumulants (k = 3,4). Thus, the proposed HFA approach nests PCA as a special case.
An alternative approach to extract non-Gaussian factors is the independent component analysis
(ICA), which is based on minimizing the statistical dependence between factors (see e.g. Cardoso
& Souloumiac, 1993; Bonhomme & Robin, 2009). It is widely used in signal processing, image
processing, and neural recognition (Bonhomme & Robin, 2009). In high-dimensional ICA, PCA
is usually applied prior to classic ICA (Risk et al., 2019). Consequently, the ICA estimator is a
rotation of the PCA estimator. Therefore, ICA does not improve the efficiency for estimating the
factors and factor loadings.

The remainder of this paper is organized as follows. Section 2 provides the factor model assumed
in HFA and the notations, and Section 3 presents the tests to determine the number of factors.
Further, Section 4 introduces the HFA estimates and their properties, and Section 5 gives the
prediction framework using an HFA factor-augmented regression. Subsequently, Section 6 reports
our simulation experiments and findings, and Section 7 presents an application to market premium
prediction. Finally, Section 8 provides the concluding remarks. Furthermore, a Supplementary
Appendix provides additional details about this study, including several alternative factor estima-
tion and selection approaches, computational issues, HFA estimates in the presence of Gaussian
factors, more robustness checks, and the R code for the HFA estimator, which is available publicly

in the hofa package.



2. Factor model

Throughout the paper, we use 0,.(A) to denote the r-th largest singular value of real value
matrix A and v,.(B) to represent the r-th largest eigenvalue of positive semi-definite matrix B.
The Frobenius norm of a matrix A is denoted by ||A|| = 1/tr(A’A), where tr(-) is the trace of
matrix. We use the notation a < b to denote a = O(b) and b = O(a). We use a < b to denote
a = o(b) and a > b to denote b = o(a). < (or 2) to present < (or >) up to a positive constant.
A%k = A w A, where ® is the Kronecker product. [z] is the integer part of a real number z.

k

2.1. The model

This subsection introduces the main model that will be used throughout the paper. Let x; be
the observed variable for i = 1,..., N cross-sectional units at time ¢t = 1,...,7T. Assume that the
observed data are generated by an R x 1 vector of common factors, f; = [fi, for, - -, fre). The

factor model is as follows:
Ty = )\;ft + €, (1)

where \; = (A1, Ai2, - .., \ig)’ is the R X 1 vector of factor loading for variable i, and e;; represents
the idiosyncratic components of variable ¢ at time ¢. The factors, factor loadings, and idiosyncratic
errors are not observable. For convenience, the time series model (1) can be written as complete

panel data:
X=F\N+EF, (2)

where X = (z1,...,2,...,xy) and z; = (x50, ..., xi7), A= (A1, Aoy .., AN), F = (f1, for - - 1),
and F = (e1,...,€;,...,ex) and e; = (€;1, ..., e;r). Following Bai & Ng (2002), we treat the entries
in A as parameters and those in F' as random variables.

Unlike the existing literature, we use the information of higher-order multi-cumulants — instead
of the covariance matrix — to identify the factor structure. Further, we study the properties of
the eigenvalue decomposition of the product of the higher-order multi-cumulant and its transpose.
Subsequently, we find the efficiency of this method in estimating weak factor models. We first give
a short introduction of the higher-order multi-cumulant and its singular values and eigenvalues.
Working with multi-cumulants is convenient in a linear factor model with independence assump-

tions between f; and e;. For instance, the multi-cumulants for the second-, third-, and fourth-order



moments of z; = (21, 2at, - . ., 2Qt) € R®*! with zero means are

Rzivia,t = Tz iqioty
K;Z,’L'l’igig,t = mz,ilizig,ta (3)

/{Z,Z‘1i2i3i4,t = mz,i1i2i3i4,t - mz,ilig,tmz,i3’i4,t - mz,i1i3,tmz,i2i4,t - mz,i1i4,tmz,i2i3,ta

where K,y it 1 the k-th order multi-cumulant of 24, Zit, - . ., Zipts %q € {1,2,...,Q} for 1 <
g<kand k=234, and m, i, it = E(2i,t%t - - - 2it). Following Kolda & Bader (2009), we can

express the k-th order multi-cumulant tensor of z; in a matrix form:
k k—1
CY) = {kziju} € RO (4)

where j =1+ Z o (i, — 1)QP~2. We define

= lim — Z Czt, (5)

T%oo

if the constant matrix C*) exists. The matrix C is labeled as the (population) k-th order
multi-cumulant for the sequence {2}, as T — co.

Furthermore, with the available observations {z;}Z_,, we define

O = 1560, (6)

t=1

where Cg is defined similarly by using the notations in (3) and (4) and replacing m, ;,4,. 4, ¢+ With
Mz ivig.int = ZirtZist - - - Zipt- Lhe matrix 62’“) is labeled as the sample k-th order multi-cumulant
for the sequence {z}_,. In this paper, z; represents either z;, f;, or e;.

In this study, we propose to identify the factors and loadings by performing HFA on the higher-
order multi-cumulant matrix instead of PCA on the sample covariance matrix. Now, for the
factors in HFA to be identified successfully, we need to make some assumptions on the higher-order

moments of the factors as follows:

ASSUMPTION A: The factors

i) E|| f]|*® < O for a real integer K > 3, where C] is a finite constant.

(1) ElLf2l g :

.o T . . .

tft=1» =~ =~

(ii) For the sequence {f;},_;, its k-th order sample multi-cumulant (2 < k& < K) defined in

6) satisfies C¥ 25 cW as T — o0, where C® is a constant matrix defined in (5). Let
f f f



o =0;(C1), 0 < ¢l <cofor2< k<K andj=1,2,...,R

(iii) The variables f; and e, are mutually independent.

Assumptions A(i) is common in factor analysis. Assumptions A(ii) require the sample k-th
order multi-cumulant of the sequence {f;}_, converge to a constant matrix as 7" — oo, which
is also common in static factor model when k& = 2, see e.g. Bai (2003) and Ahn & Horenstein
(2013). Moreover, we require all the singular value of C}k) are nonzero for k£ > 3, which adds
a non-Gaussian feature to the factors. Therefore, we refer to the factors satisfying Assumption
A(ii) as “non-Gaussian factors”. The non-Gaussian factor assumption is common in Independent
Component Analysis (see in Cardoso & Souloumiac, 1993; Bonhomme & Robin, 2009). When
Gaussian factors exist, we propose a two-stage procedure in the Supplementary Appendix to solve
this problem. If the Gaussian factors and non-Gaussian factors are mutually dependent, they can
be identified directly because the matrix C}k) is still of full rank. Specifically , let fi; ~ i.i.d. N'(0, 1)

and fo; = (f1;)%. The third-order multi-cumulant 0;3) has the following form:

C<3>:< E(ff)  Elfffal Elfffa E[fuf%]) :(0 33 0 )
! Elf2fx] Elfuf2] Elfuf2] Elf] 300 15

The singular values al(Cgc?’)) = /234 and 0'2<C§c3)) — /18 are nonzero; therefore, Assumption A(ii)
still holds. Nonlinear dependence between the Gaussian and non-Gaussian factors also provides
singular values of C;k), only when the factors are Gaussian and independent of non-Gaussian
factors, then Cgck) is not full rank. Therefore, we cannot use the higher-order multi-cumulant to
identify them. Overall, Assumption A(ii) is required for the HFA framework. However, when
Assumption A(ii) is violated, we need a two-stage procedure to estimate all factors in the presence
of independent Gaussian factors, see in the Supplementary Appendix. Assumption A(iii) requires
exogenous idiosyncratic errors. This assumption is common in latent factor modelling (see, for
example, Bonhomme & Robin, 2009; Boudt et al., 2020; Chen et al., 2021). The assumption is
needed to derive the theoretical properties of the HFA approach.

For factor loadings, we treat them as parameters like Bai (2003) and Ahn & Horenstein (2013).

The assumptions on factor loadings are as follows:

ASSUMPTION B: The factor loadings
(i) IN]l < Cy for all i =1,2,..., N with a finite constant Cs.

(ii) imy o0 xr== A’A = 3, for some constant o € [0, 1].

Assumption B requires that A is column full rank and that A'A/N'~® converges to a positive
definite matrix. Following the assumptions of De Mol et al. (2008), Onatski (2012), Bailey et al.
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(2021), and Freyaldenhoven (2022), we allow the eigenvalues of A’A to diverge at rate N'~%,
a € [0,1].! Standard strong factor models typically assume that the eigenvalues of A’A diverge
at rate N and the largest eigenvalue of the covariance matrix of error terms e;; are bounded by
a finite constant. If o > 0, we describe the factor model as a weak factor case. Onatski (2012)
studies the special case of @ = 1. Under this assumption, the eigenvalues of the covariance matrix
of ¢i (¢ = A.fy) are O(1). We refer to this case as Onatski (2012)’s weak factor model.

The assumptions on the idiosyncratic errors are as follows:

ASSUMPTION C: The idiosyncratic errors

Let E = (e;)rxn = UG}\{Z, where U = (uy)rxn. Gy is a N x N matrix, and G%Q is its symmetric
square roots.

(i) For each 4, {u;}L_, is a strong mixing Gaussian sequence such that E(u;) = 0 and E(u?) < oo.
The mixing coefficients @;(+) for {u;}L, satisfies max; @;(n) < Ca7" for some Cy > 0 and 7 € (0, 1).
{u;it}I_, are independent across i.

(ii) 01(Gy) < C5 uniformly in N with a finite constant Cs.

Assumption C models the idiosyncratic errors E as a weighted combination of the strong mixing
sequence {u;}L_,. The specification allows accommodation for serial and cross-sectional correlation
in the idiosyncratic errors. The strong mixing setting is common to characterize serial dependence
of time series, see e.g. Su et al. (2016), Chang et al. (2018). The matrix G is used to characterize

cross-sectional dependence.

Remark 2.1. Assumption C(i) follows Su et al. (2016)’s Assumption A1(i). This strong mizing
assumption is needed for all asymptotic results presented in this paper. Onatski (2010) and Ahn
& Horenstein (2013) specify E = R1T/2U*G]1\{2, where U* = (u},)rxn are i.i.d. standard normal
random variables, Rflp/2 and G%Q are the symmetric square root of T' X T and N x N positive
semidefinite matrices Ry and Gy, respectively. We thus have a different approach in describing
the serial dependence which has the following properties: (i) we allow heterogeneity in the serial de-
pendence of {ex}_, and characterize it using the mizing coefficient a;(+); (ii) the serial dependence
is characterized by max; a;(n) < Ca7", which is more strict than the assumption o1(Rr) < 00 in
Onatski (2010) and Ahn & Horenstein (2013).

The normality assumption on the error terms in Assumption C(i) implies different divergence

rates of the singular values of the higher-order multi-cumulant of the factors and errors, which

!Generally, a factor can be weak in two ways: (i) it can affect all outcomes weakly as in De Mol et al. (2008)
and Onatski (2012); (ii) it can affect only a subset of the outcomes as in Bailey et al. (2021) and Freyaldenhoven
(2022).



is part of the conditions needed to show the consistency of the proposed HFA estimates even
when the factor strength is weak. Throughout the paper, we use this assumption to derive the
asymptotic results. However, it can be relaxed in the case of weak non-normal errors, which
depend on the structure of Gy. We discuss it in subsection 4.3. Intuitively, the propagation
of the potential non-normality of u; on e; is dampened because of the aggregation involved in
its definition as £ = U 0%2. Bai (2003), Fan et al. (2022), and Freyaldenhoven (2022) account
for the cross-sectional correlation on error terms, which implies G%Z is not a diagonal matrix.
In the Supplementary Appendix, we show that when E[|uy|?*] < oo for all i and the number
of nonzero non-diagonal elements in G%Q diverges to infinity as N — oo, we have e; = G%QUt
being asymptotically normal according to the Lyapunov Central Limit Theorem (CLT) under mild
assumptions on G%Q. This is not satisfied in cases where GJIV/2 has a limited number of non-zero
elements, such as when G}f is a block diagonal matrix with finite block size. By the Cauchy-
Schwarz inequality, we can, also in such cases, still expect e;; to be nearer normal than wu;, if u; are
independent and identically distributed, see for example in Theorem 3.1 of Granger (1976). If uy
are independent but not identically distributed, as mentioned in Theorem 5.1 of Granger (1976),
we can expect e;; to be nearer normal than the least normal u;. In the simulation study, we provide

Monte Carlo evidence that the HFA approach remain reliable in the case of weak non-Gaussian

errors if G’}f has a sufficiently large number of nonzero non-diagonal elements.

2.2. Identification conditions

In this subsection, we first derive the population covariance and higher-order multi-cumulants
of z; as implied by Assumptions A — C. Then we show that the columns of the factor loading
matrix A in (2) are the eigenvectors to c¥ ol (3 <k < K) up to a rotation matrix.

First, based on the factor model (1) and Assumption A and B, the k-th order multi-cumulant
of Tiyt, Tigt, -y iy (3 <k < K) with i, € {1,2,...,N} and m € {1,...,k}, can be expressed as

Ryt = /\210}’1)(/\@-2 ® . ® Niy) T Keiy gt (7)

where C;kt) is the k-th order multi-cumulant matrix of f; defined in (4), and ke, 4, ¢ is the k-
th order multi-cumulant of e; ¢, €., ..., €+ By Assumption C, the idiosyncratic errors e, are
Gaussian distributed. It follows that k., .+ = 0 for i, € {1,2,...,N} and m € {1,...,k}.

Therefore, we can rewrite (7) in matrix form as follows

c¥) = AC) (e, (8)



For a given N and T — oo, under Assumption A - C, the population k-th order multi-cumulant

Cg“) (3 <k < K) can be expressed as

T

c® = lim - > cl) = ac(aet-), 9)

T—o00
t=1

where C}k) = limp_, % Zthl C;kt) defined in (5) is the population k-th order multi-cumulant matrix

of ft'

It is well known that the factor F' and the factor loading matrix A are not uniquely determined
by (2), as we may replace (F,A) by (F*,A*) = (FH'"',AH) for any invertible matrix H. Hence,
as mentioned in Stock & Watson (2002), Bai (2003) and Bai & Ng (2013), we can only identify

and estimate (F, A) up to a rotation matrix. To this end, we impose the normalization restrictions

1 /
NA*'A* = Ig, C;’?Cgf? is diagonal, (10)

where Cgf? is defined in the same manner as Cgck) in (5) but with replacing F' by F*. Under
Assumption A - C, together with (9) and (10), it follows that

ngk)c(zk)/ _ A*C;li)(A*,A*)(X)(k_l)cgi)//\*/

/ (11)
= AN,

Therefore, A* is v/ N times the eigenvectors corresponding to the R largest eigenvalues of chek’,

3. Estimation of the number of non-Gaussian factors

We estimate R based on the eigenvalues of the sample multi-cumulants of x;. In subsection
3.1, we introduce the generalized eigenvalue ratio (GER) estimator for the case of non-Gaussian
factors. In subsection 3.2, we interpret the better finite sample properties of the GER estimator

compared to Ahn & Horenstein (2013)’s ER estimator in weak factor models.

3.1. Generalized eigenvalue ratio estimator

We propose to estimate the number of factors R based on the sample higher-order multi-

cumulant of the data {x;}_,. We define

~(k ~
T, = o (CP), (12)



forr =1,2,..., N, where the sample k-th order multi-cumulant é;k) is defined in (6). By maximiz-
ing the ratio of the two adjacent singular values of (~3§!€), we can determine the number of factors.
The criterion function is defined as follows:

~(k)

GER(k)<T) = A//&Lk];]iv r = 17 27 BRI Rmax; (13)
ENT 11

where Ry, denotes the maximum possible number of factors, ﬁg\];)TT is defined in equation (12), and

3 < k < K, with K being the maximum order considered. We call it the GER estimator because
it is an extension of Ahn & Horenstein (2013)’s eigenvalue ratio (ER) estimator. Our proposed
estimator for R is the maximizer of GER®(r):

R¥). = max GER®(r). (14)

1<r<Rmax
Our main theoretical results for selecting the number of factors are as follows.

Theorem 1. Suppose that Assumptions A—C hold with R > 1. If N*/T — 0 as (N,T) — oo and
tr(Gy) = O(N%(I_Q)Tﬁ(log N)_ﬁ), then,

(i) if all factors are skewed (¢§~3) >0,Vje{l,2,...,R}), we have

lim Pmb(]%g])m =R) =1,

(N, T)—o0
(i) of all factors are kurtotic (¢§4) >0,V5e{l,2,...,R}), we have

. (4
W Prob(R4), = R) =1,

where Ryax € (R,N — R —1].

We provide the proof in the Supplementary Appendix. Notice that the GER estimators depend
on the quantity tr(Gy) to detect the number of the non-Gaussian factors. Therefore, we need to
study tr(Gy) to derive the asymptotic properties rather than only assuming o;(Gy) < oo as in
the existing PCA literatures (Onatski, 2010; Ahn & Horenstein, 2013). Indeed, as also mentioned
in Ahn & Horenstein (2013), for many types of high-dimensional datasets, some variables my be
almost perfectly correlated with (linear combinations of) others, and thus introduce eigenvalues
that are close to zero. This can be further formalized using conditions on the decay of the smallest

eigenvalues. Remark 3.1 discusses this condition with some empirical evidence.
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Remark 3.1. Consider the case where Gy has a polynomial rate decaying eigenvalue spectrum
given by 0;(Gn) < Coj~* for some p > 0. We refer to p as “the decay rate of the spectrum” as in
Braun (2006) and Li et al. (2021). Then tr(Gy) = O(N'™F) for 0 < p < 1, tr(Gy) = O(log N)
for p =1 and tr(Gy) = O(1) for some p > 1. In Figure 1, we illustrate that this assumption is
realistic. We plot for two empirical datasets the eigenvalues of the sample covariance matrix of
error terms after extracting the PCA factors, with the number of PCA factors determined by Ahn
& Horenstein (2013)’s Eigenvalue Ratio (ER) estimator. The first one is the FRED-MD dataset
of 124 macroeconomic indicators (N = 124, T = 720) in the US (McCracken & Ng, 2016), and
the second one is the daily returns of SEP 500 component stocks (N = 449, T = 2263)." The
eigenvalues of both datasets are fitted by the polynomial decaying function and represented using
blue dashed lines. The parameter p in two datasets are 0.753 and 0.718, respectively. The decay
rates remain 0.544 and 0.510 after we remove the first ten PCA factors. Therefore, the polynomial

decay assumption of the spectrum of Gy is supported by empirical evidence.

~ Insert Figure 1 Here ~
The following corollary gives the sample size conditions which are required to ensure the con-

sistency of the GER estimators for a polynomial rate decaying eigenvalue spectrum Gy.

Corollary 1. Under the conditions in Theorem 1, if G has a polynomial rate decaying eigenvalue
spectrum such that o;(Gn) < Coj=" for some p > 0 and positive constant Cy, then we need

w =o0(1) and N*/T = o(1) for0 < p <1, and N®/T = o(1) and N > (log N)* for p > 1

to guarantee the consistency of Eg%R.

For p = 0 such that tr(Gy) = O(N), eg. Gn = Iy, we need the time dimension 7' >
Nk=1log N to detect the extreme weak factors (o = 1). If G has a polynomial rate decay

spectrum, the requirement of the time dimension 7 is reduced as 0,;(Gy) has a sharper tail.

Remark 3.2. (i) The parameter K denotes the mazimum order considered in the test. As rule

of thumb, we recommend K =4 and then consider k = 3,4 in this paper.

(ii) We recommend setting Rmax similar to Ahn €& Horenstein (2013). Please refer to the Sup-

plementary Appendix for more details.

(iii) We present a generalization of the ER estimator of the number of factors, as introduced

IThe sample period of the FRED-MD data used ranges from January 1959 to December 2018, approximately
60 years of monthly data. The sample period of S&P 500 stocks ranges from July 1, 2010, to June 30, 2019, about
10 years of daily data. We omit several delisted stocks during this period.

11



by Ahn & Horenstein (2013). They also present a growth ratio estimator, and we give the
Generalized Growth Ratio (GGR) estimator in the Supplementary Appendiz.

(iv) In real data analysis, it is difficult to have a priori information on the non-normality of the
factors. Hence, we should conduct both GER® and GER® and take R* = maX(R\g’,)E,R, ES%R)

to avoid ﬁg’}m and underestimate R when the factors are symmetric.

3.2. Finite sample properties of the GER versus the ER of Ahn & Horenstein (2013)

In this section, we use a stylized setup to show that the GER estimator has better finite sample
properties than Ahn & Horenstein (2013)’s ER estimator on detecting weak non-Gaussian factors.

We consider a two-factor model x;; = N1 f1; + Aiofor + e with E(fy) = E(ey) = 0, fue, for, and
ey being mutually independent, vV NI=e); ~ N(0,Iz), ¢, ~ N(0,Gy), where o;(Gy) = j~ with
p>0for j=1,2,...,N. We denote the standard deviation of the factors by sd; = ,/E( j2t) and
the standardized skewness of factors sk} = sk;/sd? for j = 1,2, where sk; = E(f},). We first study
the power of the ER estimator based on the eigenvalue decomposition of ¥, . We can show that

)02 = 20
o z,N)/O z,N = —5>
' ’ s (15)

02(Zan)/03(Ean) = Op(N'~)sd2.

When a = 0, we can detect two factors because o5(3, x)/03(3sn) — 00 as N — oo. However,
when 0 < a < 1, for finite N, when fy is a weaker factor (sd3 << sdi), it may hold that
sdi/sdy 2 Op(N'"*)sd3. When o = 1, sd}/sd3 2 O,(1)sd3 can hold even if N — oco. Therefore,
the ER estimator has a low efficiency in the weak factor model (a > 0) because it can detect only
the strong factor.

Consider now the GER estimator based on the eigenvalue decomposition of the third-order
multi-cumulant of x;. We can show that

=(3) =(3) |ski|  |sky| sd}
Ul(Cx )/02(Cx ) = = * Y
N N ko] [sk3| s (16)

02(CP\)/03(CPy) = O,(min(/TN2=3a[log N, v/TN=))|skj|sd3.

The singular value ratio of 65333\, considers the skewness of factors, the first singular value ratio is
determined by the skewness ratio of the factors, and the second singular value ratio diverges to

infinity as O,(min(y/TN1+2=32/log N,v/TN~*)) — co. When a = 1, the second singular value

N2—2Plog N N
T » T

ratio still diverges to infinity if min( ) — 0 as (N,T) — oco. For a specific sample size,
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it Ik ?/[ski | > O(max(y/ 252, \/X20962) holds, we have

01(§3x,N)/0 (izN) ~ 0’2(~x N)/U3(~m N)
a1 (CEN) [aa(CPY) < a2(CPY) /a3 (CEY),

Z, z,

(17)

which implies that the GER estimator can detect weaker non-Gaussian factors when the ER esti-
mator has low efficiency. The simulations in the Supplementary Appendix confirm this proposition
for the finite sample size. As the eigenvalues of G increase, the average maximum eigenvalue
ratio of the ER estimator changes from the second one to the first one, which indicates that only
the first strong factor is detected. Conversely , the average maximum eigenvalue ratio of the GER
estimator remains the second one. As shown in section 8 of the Supplementary Appendix, our

proposed GER estimator can also deal with this case efficiently.

4. Estimation of the non-Gaussian factors and loadings

Principal component analysis is the workhorse approach to estimating factors using the eigenval-
ue decomposition of the sample covariance matrix. We show that this approach can be extended to
obtain factors based on an eigenvalue decomposition of é(k)ég(f)/ (3 <k <K). More precisely, the
HFA estimate of the factor loadings, denoted by A *)are the first R eigenvectors of cPcl . Giv-
en A® | the HFA factors are estimated by regression F(®) = X A® (ARVAR)) =1 — X A®) /N When
k = 2, the approach nests the PCA-based approach of Bai (2003) as a special case. The estimation
of latent factor model parameters based on minimizing the distance of sample and model-based
moments is also considered in Jondeau et al. (2018) and Boudt et al. (2020). Their approaches
do not lead to an explicit solution. For the approach by Jondeau et al. (2018), the asymptotic
properties of factors and factor loadings are unknown. We describe these two approaches in section
5 of the Supplementary Appendix.

In subsection 4.1, we derive the estimates of factors and factor loadings. Subsequently, we
establish the convergence rate and the limiting distributions of the estimated factors and factor
loadings. In subsection 4.2, we show that the limiting distributions and convergence rates of the
HFA estimators obtain an efficiency gain over the PCA estimators in the case of weak non-Gaussian
factors. In subsection 4.3, we discuss the feasibility of HFA without the normality of errors. In
section 7 of the Supplementary Appendix, we show that the computational cost of the algorithm

is moderate when computing the eigenvectors of chclk),
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4.1. HFA estimators and their asymptotic properties

In this subsection, we give the estimates of the factors and loadings and show they have at-
tractive asymptotic properties. We assume that the number of factors R is known (or estimated
consistently). Following (11), we estimate the factor loading matrix A up to a rotation matrix by

using the following optimization problem:

~

subject to the constraint %A*’ A* =1g. Notably, this is the same optimization problem as finding
the eigenvectors of the matrix CHe®' . Given /AX(’“), the factors can be obtained by least squares
regression leading to F'*®) = XA®) (AW/AR))-1 = xAK) /N

Remark 4.1. (i) The constraint of A is widespread in covariance-based factor analysis, such as
PCA and mazximum likelihood analysis. In standard PCA, we mazimize tr(A* c®? A*) sub-
ject to the constraint +A*'A* = Ig, which is equivalent to mazimizing tr{A*’(éf)ég)/)A*}.

Therefore, PCA can be regarded as a special case of HFA when k = 2.

(ii) For any different k > 3, we have different loadings A® and different factors F® . T
choose an optimal order k, we suggest using the goodness of fit criterion for the C¥ _model
in (9). Therefore, we can choose the optimal k by minimizing the partial loss function
k = arg mink{Hég(f) - K<k>6§k)(ﬁ<k>’)®<k—1>||2/||(~3§f’|y2}, where 6;’“’ is the k-th order multi-
cumulant of F® . Ip addition, as shown in the following theorem, the smaller k, the faster
the convergence rate of the HFA estimators. Hence, without any prior knowledge, setting up

k = 3 1s a reasonable choice.
The following theorem provides the rate of convergence of the HFA estimators.

Theorem 2. Under Assumptions A-C, for any 3 < k < K such that ¢§k) >0Vje{l,2,...,R}),

there exists an R x R invertible matriz H® for which

1~ tr(Gy)+~llog N Ne
—— IA®) R = _

1 1 tr(Gn)k1log N
\/_N) + OP(W) + Op(\/ NO_a)kiiT

1 = _
ﬁIIF(’“) — F(HW)™'| = 0,(
We provide the proof in the Supplementary Appendix. Theorem 2 shows that the convergence

rate of the estimated factors and factor loadings of HFA depend on the factor strength « and
tr(Gy). The following corollary establishes the consistency of the HFA estimates with specific Gy .
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Corollary 2. Under the conditions in Theorem 2, if 0;(Gn) < Coj~=" for some p > 0 and positive
constant Cy and N > (log N)*, then

N(e=p)k]og N N«
1 Oy(\| ") + Oy o) . 0<p <1,
||K(k) —AH®|| = TN r (19)
Vi e
N
Op( ) L= p
N(a=pk]og N 1
—, ) T O(—=) , 0<p<l,
LHﬁ(k) ~ F(HW)| = g TN?» VN (20)

VN

When a = 0, namely a strong factor model as in Bai (2003), the convergence rates of F®)
and A® are mainly dominated by O,(T~/?) and O,(N~'/?). For the case a > 0, F®) and A®
are remain consistent under mild conditions with respect to sample size (N, T), factor strength «,
and decay rate p. Notably, the rotation matrix H® is different from the rotation matrix in Bai
(2003). H® contains the higher-order multi-cumulants of the non-Gaussian factors. Moreover,
H® depends on the parameter k (3 < k < K), the order of the multi-cumulant we used in the
estimation.

To derive the limit distributions of ﬁ(k) and ng), we require the following additional assumptions:

ASSUMPTION D: Central limit theorem
(i) Let k£ (3 < k < K) be such that it satisfies Assumption A(ii). Subsequently, for each i, as
T — o0,

T
1
7 26 e < N6,
t=1

where Ct(k) € RE* is the t-th row of the matrix ’H}k) and @Z(.k) = plimy_,o0 £ Zthl Zstl E(Ct(k)fs(k)'eiteis).
The matrix ﬂ;k) e RT*E"™ gatisfies T~ F ”H;k) = Cgek). The explicit form of matrix 7_—[;@ (k=3,4)
is given in Remark 4.2.

(ii) For each t, as N — oo,

N

1

\/m E Ai€it i> N(O, (bt),
=1

where ®; = limy_ o0 ﬁ Zfil Zivﬂ E(ANeirej:) and a € [0,1].

Assumption D(i) requires the asymptotic normality of the cross product between (t(k) and ey,
which depends on the order k. When k£ = 2, Remark 4.2 implies that 7-25[2) = F. Hence, this
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assumption is equivalent to Bai (2003)’s Assumption F. Notice that ®§’“) is an R*! x RF~! matrix,
and ®; is an R X R matrix. Assumption D(ii) requires the asymptotic normality of the cross
product between \; and e;, and the CLT for the factor loadings when a = 0 has the same form as
in Bai (2003)’s Assumption F. If a > 0, we allow for a slower convergence rate than Vv/N. This is
because ||\;|| = O(N~2) by Assumptions B(ii). Subsequently, the following result holds:

Theorem 3. Under Assumptions A-D, for any 3 < k < K such that (bgk) >0Vje{l,2,...,R}),
then

(i) if N*/T — 0 and tr(Gy) = O(N%_a(log N)_k%l), we have

TR0 - 7Y 5 15, (D)7 g G (5, 5 T g ).

(ii) of N*/T — 0 and tr(Gy) = O(TﬁN%(l_a)(log N)_ﬁ), we have
VN (T = )7 ) =5 (0, @) e(@) ),

where QW) = (W) =1/20R) (D)2 - gk) — C;k)(EA)@?(k—l)C;k)/’ DW) s the diagonal eigenvalue
matriz of (W28, (W25 = limy_eo A'A/N'=, T®) s the corresponding eigenvector
matriz such that TH'TE = 1p.

We provide the proof in the Supplementary Appendix. The limit distribution of the HFA
estimators has a more generalized form and depends on the order k. Theorem 3 has two noteworthy
points. First, the asymptotic normality of the estimated factors ft(k) holds for all « € [0, 1] if time
dimension T sufficiently larger than cross section dimension N. However, the estimated factor
loadings /):Ek) share the asymptotic normality only when tr(Gy) and factor strength o satisfies
specific conditions, e.g., if tr(Gy) = O(N), then ng) is asymptotically normal for a < ﬁ if
we ignore the logarithmic term. Second, if Gy has a polynomial decaying spectrum such that
tr(Gn) = o(N), the demand of T to guarantee the normality of estimated factors is smaller.
Additionally, the limit distribution of HFA estimators shares the same form as Bai & Ng (2013)’s

PC1 when k =2 and a = 0.

Remark 4.2. The matrices f[gck) and H" share the same form. Thus, we use z, € R*! to derive
the matriz H that satisfies T—17' ) — ¢ for k = 3,4. When k = 3, which is implied by

Lemma 2, the matriz HP can be written as

— 2
Hgg): (z1021,21022,...,21on|...|onzl,on,22,...,onzQ) e RT*9",

16



where z; = (21, Zia, - - -, 2zi7) and o denote the Hadamard product. When k = 4, according to Lemma

2, the matriz 7-_[,(24) can be written as

4 _ ~ ~ ~
7‘12 ) = (21 021021 —Mz1121 — Mz 1181 — Mz 11715 - -,
Zig O Zijg O Ziy — My igigRio — MyinigRis — MzinizRigs -+ - (21)

~ ~ ~ 3
20 © 2 © 29 — M. 0Q2Q — M=q2q — M=0%q) € RT*%,

~ T . .
where m ;,i, = %thl ZistZist 15 the sample covariance of z;, and z;,. Note that {z;, o z;, 0 z;, —

77?%71'3@'42’7;2 — TAT/LZ7,L'21'4ZZ'3 — ﬁ;sziQigZu} s the {22 + (Zg - 1>Q + <Z4 - 1)@2}-th column Of 7‘224)

Remark 4.3. Let us rotate the underlying factors and loadings to satisfy the normalization con-
ditions such that %A’A =1y and égfk)égck)/ is diagonal. In the Supplementary Appendix, we show
that the rotation matric H*® — 1. Thus, the results of Theorem 2 can be simplified as

IR 8 = 0,0 MG 4 0,/ "
TIPS P = 0, + 0,k + 0,y M Lhoe N
Furthermore, the results of Theorem 3 can be simplified as
TN (3% = x) -5 & (0, (0¥ tePel el (D) 1), )

V(79— 1) 4 n (08,
where D) is a diagonal matriz and {D®};; = Uf(C;k)) fori=1,2,... R.

4.2. Efficiency gain of HFA estimators

The HFA estimators are more efficient than the PCA estimators in the case of the weak factor
model in estimating non-Gaussian factors (o > 0 and rank(C;k)) = R). We illustrate the effi-
ciency gain of HFA estimators compared to PCA estimators in terms of the convergence rate and
asymptotic variance. As both the HFA and PCA estimators are the rotation of true factors and
factor loadings, we use the normalization %A’A = I and é;k)égck)/ being diagonal to compare
ﬁP(JA’ }\\lPC’A)

them without rotation. Denote the PCA estimators as ( . Assumptions A — C imply
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the following convergence rate for the PCA estimators:

1~ 1 1

——|[ATCY — Al = Op(——=) + O, (),

~ | = Oy =) + Opl(5=) o
L ympoa _ _ 1 o 1

\/THF F||_Op(ﬁ)+0p(lea)+Op( TN—a)'

The convergence rate of the PCA estimator shares the same form as that of the HFA estimator
when a = 0, which implies that the PCA and HFA estimators have the same convergence rate in
the classical strong factor model. However, when a > 0, the HFA estimators converge faster than
the PCA estimators if tr(Gy) = o(VITN'~*(log N)_%). In particular, in the case of a = 1, the
PCA estimators are inconsistent. Nevertheless, the HFA estimators remain consistent as shown in
Theorem 2.

In the case of asymptotic distribution, the PCA estimators (Bai & Ng, 2013) have the form as
follows when (N, T) — oo, VVN/T — 0, and /T /N — 0 in a classical strong factor model (o = 0):

VIO = \) =% N (0, (D) 'ei(D) ),

25
VN (P = 1) -5 N (0, ®,), (25)

where D = plimy o F'F/T, ©; = plimp o, T* Zthl Zle E(fifleieis), and @, = limy o0
Nt Zfil Zjvzl E(AiNeiteji). We already showed that the HFA estimators in strong factor model
(o = 0) satisfies:

VNP = £) -5 N(0,9,), 20
where {D®}; = 0?(C) and O = plimr,oo L 1 S0 B¢ eivess).

We mainly compare the asymptotic variance of the estimated factors and factor loadings of
PCA and HFA. By Assumption D(ii) and the definition of ®;, we have ﬁ(k) and :PCA converge to
the same distribution. However, as shown in Theorem 2, ]/”}k) converges faster to this distribution
than ftp 4 when 0 < a < 1. Conversely, the variances of Xl(k) and Xf €4 share the sandwich
structure, whereas @Ek) and ©; have a different form. Generally, if we set k = 2, we have @Ek) = 0,.
Therefore, the PCA estimators can be regarded as a special case of the HFA estimator when k£ = 2.
The structure of @Z(-k) mainly depends on the random variable ﬁ;k)/ei. When e; is heteroscedastic

and time-series correlated, it is difficult to give an explicit form of @Ek) and compare it with ©;.
(k) \PCA
1

To better understand the variance difference between Xz and

, we consider independently
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and identically distributed e; with E(e;;) = 0 and E(e%) = sd? (i = 1,2, ..., N). Similarly, denote
sd? = E(f},), ski = E(f},), and kt; = E( fi) (j =1,2,...,R). The order k = 3 is used for HFA
estimators. Therefore, the variance of \/T()\f;CA — ;) is

(D’l@iD’l)jj = (sd?)’l(sdgsdg)(sdg)’l = sdi/sd?, (27)

which indicates that the variance of j-th factor loading is equal to the inverse of Signal-Noise Ratio.
For HFA estimators, the variance of v/T (/):S’) — \ij) is

(D) CPONCE (DD) )5 = (shs) 2 (shshtysdshy) (k)™ (28)

Notice that the Holder inequality E(f7)E(f}) > E(f})? always holds. Thus, we have Var(XZCA)S
Var(/)\\z(?)) for j =1,2,..., R. Hence, the estimated factor loadings of HFA have a larger asymptotic
variance than the PCA estimators.

To summarize, we find that the HFA factors ﬁ(k) are consistent irrespective of the value of a. The
PCA ﬁCA and HFA f}k) factors converge to the same distribution, but the HFA factors converge
much faster than the PCA factors when a > 0 under mild conditions. Similarly, ka) always

YPCA
/\z‘

guarantees consistency and converges faster than when a > 0. Although the asymptotic

variance of /)\\Ek) is larger than /):f “4 we find in the simulation analysis in subsection 6.3 that /):Sk)
has better finite sample accuracy as a > 0 because the advantage of the faster convergence rate

dominates.

4.3. The case of non-Gaussian errors

The results of Theorem 1-3 are all based on the sufficient assumption that the error terms
are normally distributed. In this subsection, we discuss the feasibility of HFA in identifying non-
Gaussian factors without the normality of u; in Assumption C.

Following the same argument in subsection 2.2, we can derive c = AC;k)A’ ®k-1) 1 P for

3 <k < K under Assumption A and B. By Weyl’s inequality, we have
7;(CP) < oy (ACPASFD) 4 gy (CH), j=1,...,N. (29)

Notice that rank(ACgfk)A@(k_l)) = R. Tt follows that

g (C(k)) =

{UKACWA@WJU+04095>lev“’R5 (30)

a1 (CP), j=R+1,...,N.
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Under Assumption A and B, we have o; (N(O‘_l)’“/QAC;k)A’@(k_l)) = O(1). If we have
OR (AC;’C)A@(“U) > o, (CH), (31)

then

oj(NEeDR2ACP A ®-D) = O(1) ,j=1,....R

(32)
o(1) L j=R+1,...,N.

of (N(O‘_l)k/QC;k)) . {

In other words, when the eigenvalues of the k-th order multi-cumulant of the observable x; are dom-

inated by the eigenvalues of its non-Gaussian component, then the low rank structure AC;k)A’ @(k=1)

can be detected by c. Therefore, (31) is the sufficient condition to detect the factors and loadings
by the the k-th order multi-cumulant C¥ without the normality assumption of the error terms.

In the following proposition, we propose mild conditions under which the sufficient condition

(31) is still satisfied when the errors are non-normal. The condition depends on the factor strength

a, 01(Gy), tr(Gy), the number of nonzero elements in Gy and the k-th order cumulant of w;.

Proposition 1. Let {uy}L | be a strong mizing sequence such that E(u;) = 0 and E(u?F) < oo.
Let gi > ... > gy be the eigenvalues of Gn and Gy = diag(gy,...,95). Let L = (l1,...,ly) be
the eigenvector matriz of Gy such that Gy = LGNL'. Let G; = Zjvzl 1{l;; # 0} be the number
of non-zero elements of l;. Assume mfﬁ) = limT%m%ZtT:l ffq(fz)t exists and \/Gi|l;;| = O(1) if
li; # 0. Let G = min; G; and kP = max; |H;k2| Then under Assumption A and B, we have
UR(ACSCI‘:)A@(’“’U) > 1(CM), provided that

(a—1)k

N7 o (GG (G2 k™ = o(1) (33)

u

holds for any eigenvector matriz L belonging to the eigenvector space of G .

We provide the proof in the Supplementary Appendix. Proposition 1 nests the condition of the
Gaussian error term if we take i = 0. If (" # 0, we need smaller tr(Gy) and larger G to detect
weak factors. For example, tr(Gy)/G = O(1), 01(Gn) < 00 and G — 0o as N — oo is sufficient to
detect the factors with o € [0,1). The worst case for HFA is K £0,G =1, tr(Gn) = O(N), e.g.

Gn = Iy, then HFA can only detect the factors with a € [0,2/k).

5. Forecasts in factor-augmented regressions

The important use of factors to achieve dimension reduction has been found to be empirically

useful in analyzing macroeconomic time series. Adding factors to a forecasting model is being used
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by an increasing number of researchers. See for example, Stock & Watson (2002), Bai & Ng (2006)
and McCracken & Ng (2016). In this section, we establish the rate of convergence and limiting
distribution for the estimated parameters of the factor-augmented regression with the HFA factors.
Subsequently, we derive similar results for the predicted conditional mean and the forecasting error.
For predictive inference, we also give the estimates of the variance of forecasts.

Suppose information is available on a large number of predictors z;(i = 1,2,...,N;t =

1,2,...,T) and other small set of observable variables W; (such as lags of ;). Consider

Yern = B fe + Y Wi + €rins (34)

where h > 0 is the lag time between the dependent variable y; and available information (f;, W;).
The vector f; is unobservable and comes from a large panel of data x;. We refer to a weak factor
model z; = Af; + ¢ with [[A’A|| < N and « € [0,1]. If f; is observable and assuming the
mean of ¢; conditional on past information is zero, the optimal prediction of yr,, on time 7T is the

conditional mean and is given by

YT+h|T = E[?/TJrh’ZT, 271y - - ] = 5’ft + ’Y'Wt = 5/ZT7 (35)

where z; = (f{,W;)'. However, this prediction is not feasible because ¢ and f; are all unobserved.

Replacing f; and by their estimates, we obtain a feasible prediction as
YT+h|T = 6/} ) +A'Wr = 5/351)7 (36)

where 2% = (\/ﬁﬁ(k)/, W:)', and 7™ are the HFA estimates of the factor model (2) with normal-
ization AR A®) /N =1I5. 5 and 7 are the least squares estimates obtained from a regression of v,
on f}k) and Wy, t =1,2,...,T — h. Bai & Ng (2006) study the statistical properties of yr 5 and
the estimated parameters S5ina strong factor model (a = 0). Moreover, they show the asymptotic
normality of & based on PCA factors if v/T /N — 0, and the prediction confidence interval of Y
is further given. Nevertheless, the asymptotic properties of the factor-augmented regression based
on weak factors have not been studied yet. To evaluate the uncertainty of a diffusion index forecast,
we need the limiting distributions of § and Yrnr- In section 2 of the Supplementary Appendix,
we set up these results based on the k-th order HFA factors J/C;(k). As we will see, by using the HFA
factors, the diffusion index parameters and forecasts ensure consistency and asymptotic normality

even when the factor strength is considerably weak (o — 1).
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6. Simulation studies

This section reports the results from several Monte Carlo simulations regarding the performance
of our proposed HFA methodology in finite samples. We define the simulation set up in subsection
6.1. In subsections 6.2 and 6.3, we consider a base scenario in which all factors are non-Gaussian
because we are interested in the improvement in the case of non-Gaussian factors. In subsection 6.4,
we study the robustness of our findings in sensitivity analysis of the HFA estimators. Additional

robustness checks are presented in section 8 of the Supplementary Appendix.

6.1. Simulation set up

We consider two types of data generation processes (DGP) for the simulations. DGP1 uses the

following factor model:

R
1/2
Tit = E Airfrt + €5, €t = GN U,

r=1
fit =difji + v v~ 14.d.SGT(0, 1,5, pj, ¢5), (37)
wip = Eugq +ul, , ul - ia.d. N(0,1),

Nij o dd.d. N(0, N*71),

where 0,,(Gy) = n~ %% which is calibrated by the FRED-MD dataset after removing the first ten
PCA factors. DGP1 uses the eigenvalues of G to control the signal-noise ratio. DGP2 follows the
factor model used in Bai & Ng (2002) and Ahn & Horenstein (2013):

R
[ 1-¢&2
Tit = Z Air frt + \/Z’eit, Cit = \| T 723 Wit
e 1+2J6

. i—1 N min (i+J,N) .
Uit = i1 + Uy + Zh:max (i—J,1) P+ Zh:iﬂ Bt (38)
fit = djfji—1 +vje,  vje~ii.d. SGT(0, 1,15, 5, q5),
wh e idd N(0,1), Ny o iid. N(0,1).

The parameter ¢ controls the magnitude of the serial and cross-sectional correlation, which is
governed by two parameters — [ and J — which specify the magnitude of the cross-sectional
correlation and number of correlated cross-sectional units, respectively. The parameter 6; is the
variance of each idiosyncratic error.

We use the skewed generalized error (SGT) distribution to describe the non-normality of the

factors and idiosyncratic errors, where the distribution SGT'(u, 0,1, p, q) is a univariate 5-parameter
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distribution introduced by Theodossiou (1998) and known for its extreme flexibility. The SGT
distribution has the probability density function

_g+1
cla+ P —nrste] 7, <,

fSGT(x;M7 g,1n,p, q) = _4q
cla+ Zpprarmiztp] 7L a2z

+
—

—
w
=)

~

°|

where ( and v are normalizing constants ensuring that fsgr(-) is a proper probability density
function. The parameter p is the mean, and o is the standard deviation of the distribution. The
parameter n determines the skewness; p and ¢ determine the kurtosis. The k-th moment exists
when pg > k.

As stated earlier, we set the number of factors to be 3 (R = 3). The distribution parameters
of the non-Gaussian factors are considered as 17; = 0.5,p; = 1, ¢; = oo such that the factors have
unit variance, 1.244 skewness and 4.920 excess-kurtosis. For DGP1, we merely need to change o to
control the strong or weak factor model. For DGP2, we fix the correlation structures of the error
terms as £ = 0.2, = 0.2, J = [N/10], and 6; «~ U[1, 0] and then change 6 to control the strong or

weak factor model.

6.2. Finite sample properties of the GER estimator

In this subsection, we evaluate the finite sample properties of the GER estimator. The perfor-
mances of the two estimators are compared with covariance-based estimators, for example, the PC3
estimator of Bai & Ng (2002), the ON estimator of Onatski (2010), and the ER and GR estimators
of Ahn & Horenstein (2013). We also compare with Jondeau et al. (2018)’s JJR method, which is
based on the higher-order moment (see in section 6 of the Supplementary Appendix). We focus on
how the finite sample properties of those estimators are affected by the parameters o (in DGP1)
and 6 (in DGP2) — the strong or weak factor model. When « or # is small, the influential power
of all factors is strong, and the factors are gradually weakened as « or € increases. We set the
maximum number of factors Rp.x = 10 and consider T € {300, 500, 1000} and N € {100, 300}.

Figure 2 reports the finite sample performances of the above estimators when a € [0, 1] and
0 € [1,10]. The GER estimator is based on the third-order multi-cumulants; for each estimator, we
run 500 replications. The results in Figure 2 show that the GER estimator has good finite sample
properties in both strong or weak factor models, particularly in the weak factor case in which all
covariance-based methods have low efficiency. Additionally, the JJR method shows inefficient in
both DGP1 and DGP2 even for small o and 6.

~ Insert Figure 2 Here ~
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6.3. Finite sample properties of HFA factors and factor loadings

In this subsection, we evaluate the finite sample properties of the PCA and HFA estimators of
the factors and factor loadings in the previous DGPs and assume that the number of factors R = 3
are known. We denote the PCA estimators by FPC4 and APC4 and the HFA estimators by FHFA
and A#FA; the latter are obtained using the third-order multi-cumulant (k = 3). As a measure of
goodness-of-fit, we use the trace ratio (TR) to evaluate how close the estimated values A and F
are to their true values. Taking F as an example, the TR is defined as

(40)

The measure is a generalized squared correlation coefficient in multivariate analysis and is invariant
to rotation. It is widely used as a measure of goodness-of-fit in factor analysis; see, for example, Bai
et al. (2012) and Bai & Li (2016). Figure 3 reports the average TR based on 500 repetitions for each
(N, T) combination under o € [0, 1] or 6 € [1,10]. We can observe the following points. First, for
each sample size (N, T), the PCA estimators have a lower efficiency than the HFA estimators when

« or 6 is large, which is expected because the HFA estimators, as shown in Theorem 2, converge

faster than the PCA estimators. Second, when « or # is small, APCA show a smaller efficiency gain

than AHFA hecause AFA have larger asymptotic variance than APOA, Conversely, FHFA

ﬁPCA

always
outperforms than regardless of what a or 6 is. Third, the finite sample properties of A and
F are dominated by T and N, respectively. Overall, the simulations confirm our theorems and also
the better performance of the HFA estimators, particularly in weak factor cases.

~ Insert Figure 3 Here ~

6.4. Sensitivity analysis

In the above simulations, we assume that the factor distributions are highly non-Gaussian
and that the error distributions are Gaussian to study the finite sample properties of the HFA
estimators. In this sensitivity analysis, we study how the finite sample properties change when
only “mild non-Gaussianity” exists in factors and when the idiosyncratic errors are non-Gaussian?
We also analyze the sensitivity of the HFA estimation performance to the decay rate of the spectrum
of Gy.

First, we evaluate the sensitivity of the HFA estimators concerning the strength of the higher-
order cumulant of factors. We follow the three-factor model in (37) and change the skewness of
all factors from zero to two (for SGT distribution, we change n; from 0 to 0.98) and « from zero
to one in DGP1. The sample size is (N, T") = (300, 500). For each possible combination of 7; and

a, we compute the frequency of the correct estimation of the GER3 estimator, the average TR of
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estimated factors, and factor loadings. The results are reported in Figure 4. Figure 4 (a) shows that
the GER estimator can obtain a high accuracy if the skewness is larger than 1.5 when « changes.
For each skewness, the accuracy of the GER estimator decreases as « increases; this interactive
effect becomes stronger when the skewness is milder. When the skewness is larger than one, the
negative effect of o is small for the GER estimator. For the estimated factors and factor loadings,
Figure 4 (b) and Figure 4 (c) show that the estimated factors and factor loadings only need a much
smaller skewness strength to obtain a higher TR than the GER estimator needs. Approximately
one skewness can support the high efficiency of the HFA factors and factor loadings. The factors
and factor loadings also have different sensitivities for the skewness; this can be attributed to the
asymptotic variance of HFA factor loadings affected by the higher-order cumulant of factors. As
shown in Theorem 3, the variance of A becomes bigger as Cgck) decreases; thus, for each a, the TR
of A decreases as the skewness decreases. Conversely, the variance of F' is not affected by Cgck);
therefore, as observed in Figure 4 (b), when the skewness is larger than one, the TRs are close to
one irrespective of the value of a.
~ Insert Figure 4 Here ~

Second, we evaluate the sensitivity of the HFA estimation performance to the strength of the
higher-order cumulant of u;. We still follow the three-factor model in (37), changing the skewness
of u; from zero to two (for SGT distribution, we change n; from 0 to 0.98) and « from zero to one
in DGP1. The sample size is (N, 7T) = (300,500). As the HFA factors and the HFA factor loadings
perform almost the same, we omit sensitivity analysis of the factor loadings here to conserve space.
Both Figure 5 (a) and Figure 5 (b) show that the impact of u;’s skewness is negligible for the HFA
estimators and the GER estimator. This is expected because Proposition 1 implies that HFA still
works for Gy with enough non-zero non-diagonal elements even when u;; is non-Gaussian. We give
a special case that Gy is diagonal ([Gy];; = 77%%*). At this time, the non-normality of u; has
a significant impact on the efficiency of HFA estimates. When the skewness of u;; increases, HFA
loses efficiency in detecting and estimating the weak factors. This is expected since Proposition 1
implies that HFA cannot work well when N and T are comparably equal size if G is diagonal.

~ Insert Figure 5 Here ~

Third, we evaluate the sensitivity of the HFA estimation accuracy to the decay rate of the
spectrum p such that o;(Gx) = j77°. We still follow the three-factor model in (37), changing p
from zero to one and « from zero to one in DGP1. The sample size is (N,T') = (300, 500). Figure
6 (a) and Figure 6 (b) show that the impact of p is important for the HFA estimators and the GER
estimator. When p — 0, HFA is inefficient to detect the weak factors. This is expected since both

Theorem 1 and Theorem 2 implies that HFA cannot estimate the weak factors efficiently when NV
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and T are comparably equal size if tr(G) = O(N). Increasing the dimension of 7" can effectively
solve this problem, see Figure 6 (c) and (d).
~ Insert Figure 6 Here ~

Overall, from our sensitivity analysis of the skewness of factors and errors, we can conclude
that we need the moderate strength of the non-Gaussianity of factors to support the high accu-
racy of the GER estimator of the number of factors. For the estimation of the HFA factors and
factor loadings, we only need mild non-Gaussianity of factors to support the high efficiency. When
the skewness is larger than 1, this high efficiency exists in both strong and weak factor models
(o € [0,1]). Likewise, a moderate decay rate of the spectrum p ensures the HFA to work on the
sample size where N and T are comparably equal. Additionally, the impact of the error’s higher-
order cumulants is negligible for the HFA estimators and the GER estimator if Gy has sufficient

large number of non-zero non-diagonal elements.

7. Equity premium forecasting

In this section, we illustrate the usefulness of HFA for predicting the U.S. equity risk premium
(ERP), defined by the excess return on the S&P 500 versus the U.S. Treasury Bill rate. It is
computed as follows:

ERP, = log(1 + ") — log(1 +1{), (41)

where 77" is the total return (including capital and dividend gains) on the S&P 500 portfolio —
r" = (P, — P,_1 + D;)/P,_1 — where P, is the S&P 500 index value, D, are the dividends gained
during the return period, and 7‘{ denotes the U.S. Treasury Bill rate.

We evaluate the predictive value of the HFA factors extracted using FRED-MD. FRED-MD is a
macroeconomic database of 134 monthly U.S. indicators. All series in FRED-MD are transformed
to be stationary following the transformations described in McCracken & Ng (2016) and reject the
null hypothesis of Augmented Dickey-Fuller test (Said & Dickey, 1984) at 5% significant level.! The
series starts in January 1959 and ends in December 2018, with a total of 720 monthly observations.

The regression models used for forecasting take the form:

ERPyy = ju+ B(L) f, + w(L)ERP, + e141, (42)

Moreover, we delete the variables with more than 30 missing values (e.g., ACOGNO, TWEXAFEGSMTHzx,
UMCSENTx, and VXOCLSx) and use the MissForest algorithm of Stekhoven & Biithlmann (2012) to impute the
remaining missing values. The dataset can be downloaded for free from the website http://research.stlouisfed.
org/econ/mccracken/sel/. More details about the FRED-MD dataset can be found in McCracken & Ng (2016).
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where F'RP;; is the 1-step-ahead variable to be forecast, ﬁ are the factors extracted using FRED-
MD, and S, (L) and v,(L) are finite order lag polynomials.

All models are estimated through a rolling-window estimation approach starting in January
1985 and comprising a 408 month out-of-sample. We consider two out-of-sample periods such that
the first out-of-sample prediction begins in January 1985 and ends in October 2007 (Pre-crisis
period). Further, the second out-of-sample period begins in November 2007, which is intended to
evaluate the predictability during the crisis and recovery.

To have a better idea about the factor structure of the FRED-MD data set, we give the scree
plots of the FRED-MD based on the covariance matrix (PCA), the third-order multi-cumulant
(HFA3), and the fourth-order multi-cumulant (HFA4), respectively. Figure 7 intuitively shows
the different factor structures presented by HFA and PCA. As shown in Figure 7, all scree plots
show that one strong factor exists because we can observe a significant drawdown between the first
and second singular values. It seems that no weak factors can be found from PCA’s scree plot;
conversely, two or three weak factors can be observed from the scree plots of HFA3 and HFA4
because another significant drawdown exists in Figure 7(b) and Figure 7(c).

~ Insert Figure 7 Here ~

Assumption C requires normality of the error terms in the factor model. We validate this
assumption on the HFA model-based residuals for the FRED-MD dataset using the normality test
proposed by Bai & Ng (2005). Using a significance level of 5%, we find that after extracting four
factors by HFA3 and HFA4, we reject the null hypothesis of normality for only 2.4% and 1.61%
of the time series, respectively.! In addition, we measure the decay rate of the spectrum of the
error terms in FRED-MD dataset. We find that after extracting four HFA3 and HFA4 factors, the
estimated decay rate of the spectrum are 0.664 and 0.924, respectively. These results indicate that
the main assumptions ensuring the reliability of the HFA approach are satisfied.

We further compare the predictive content of the three-factor structure: the first, second, and
third ones are based on the GER, ER, and JJR criteria, respectively. For each factor structure, we
consider HFA3, HFA4, JMCA, and PCA to extract the factors and compare their predictability.

For each month, we re-estimate the number of factors using the proposed GER estimators?,
Ahn & Horenstein (2013)’s ER estimator, and Jondeau et al. (2018)’s JJR approach. We find that

the ER estimator always detects one factor that has strong influential power, and this is the same

'We also test in the rolling sample and the results are robust. See more details in section 9 of the Supplementary

Appendix.

2We set R* = max(ég’}aR,éggR) as the estimation of the number of non-Gaussian factors to avoid ES%R

underestimating it.
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as the result in Figure 7(a). The GER estimator identifies between 1 and 4 factors, containing
one strong factor and several weak factors; this is expected in Figure 7(b) and 7(c). The JJR
approach always selects 4 factors." Based on these results, we re-estimate the factors each month.
The forecasting accuracy results are shown in Table 1. We use the predictive mean square error
(MSE) and out-of-sample R-squared coefficient (R3¢) to evaluate the performance. The R34 is
defined as follows:

T

T*
— _——_HA
R2os =100 x (1 — S (ERP, - ERR)?/ Y (ERP, " — ERP)?), (43)

t=1 t=1

where T™ is the number of out-of-sample forecasts, and ER\Pf . is the historical average forecast,
namely ER\PZ?H = %22:1 ERP;. To avoid bias, we determine the regression structure after the
factor number is selected. To that end, we used BIC to select the number of autoregressive lags
(I < p < 6) and lags of the factors (0 < m < 3) over the rolling-window sample. Further, to
compare the predictive difference between PCA and HFA, we use the Diebold & Mariano (1995)7s
t-type test statistic to determine whether the forecast differences are statistically significant.

~ Insert Table 1 Here ~

The results that assess the predictive power differences are reported in Table 1. The MSE ratio
with an asterisk denotes that the DM test is significant at 10%, which implies that the prediction
of this method is better than PCA. As can be observed, regardless of whether in Panels A, B, or
C, the regression models based on HFA factors achieve the best rank compared to PCA for the
three periods under consideration. The predictive difference between PCA and HFA can also be
observed from the DM tests in Panel A and Panel B. Additionally, comparing Panel A with Panels
B and C, it is clear that the forecast models with the GER criterion factor structure outperform
the ER and the JJR criterion, especially in the crisis and post-crisis periods.

We further give the confidence interval of the S&P 500 equity risk premium of the factor-
augmented regression with the HFA factors introduced in Section 5, where the asymptotic variance
estimate of the equity risk premium is given in section 2 of the Supplementary Appendix. The
number of factors is determined by the GER estimator. Figure 8 shows 95% interval prediction
of HFA3 and HFA4 factor-augmented regressions, which cover the actual values of the equity risk
premium well.

~ Insert Figure 8 Here ~

!As the JJR approach always chooses the maximum number of factors Ry.. as the estimates, we constrain
Rax = 4 to simplify the regression form.
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Following Welch & Goyal (2008), we use a graphical approach to illustrate the dynamics of the
performance relative to the HFA factors versus the PCA factors during the prediction period. The
cumulative sum-squared error (CSSE) between the PCA prediction and alternative prediction is
used as the net-difference indicator. The CSSE of the HFA3 factor-based prediction is defined as

follows: .

_—~_PCA _—— HFA3
CSSE,=>» (ERP, = - ERP,)’—(ERP, =~ — ERP,), (44)

s=1
and similarly for other prediction methods. A positive CSSE means that the alternative model is
performing better than the classical PCA prediction and vice versa. Figure 9 is the time series
of CSSE for the HFA3, HFA4, and JMCA under the GER criterion factor structure, as already
indicated in Panel A of Table 1. We smooth the time series curve with a six-month bandwidth.
The shaded areas indicate the three largest drawdowns of the S&P 500 during the out-of-sample
period. We can conclude three points from Figure 9. First, a general upward drift exists in HFA
prediction. Second, we note that, as expected, it is especially in periods of crisis that the HFA
outperforms the covariance-based approaches. This is explained by the more pronounced non-
normality in the data in these periods. Third, the drift of HFA prediction remains positive over
the most recent several decades. Overall, we can conclude that the HFA approach is more useful
than the considered alternatives (PCA, JMCA) for extracting macro-economic factors for equity
risk premium prediction.

~ Insert Figure 9 Here ~

8. Conclusion

This study developed a new framework for factor analysis based on the eigenvalue decompo-
sition of the product between the higher-order multi-cumulant and its transpose. The proposed
Higher-order multi-cumulant Factor Analysis (HFA) framework consistently estimates the number
of factors, factors themselves, and factor loadings for high dimensional panel non-Gaussian data
with an underlying weak factor structure. The rate of convergence and asymptotic distribution
of the estimated factors and factor loadings are derived. Subsequently, we give the asymptotic
properties of the factor-augmented regression by using the HFA factors. Our simulation studies
confirm that the HFA estimators have good finite sample properties. Finally, we illustrate the

usefulness of the HFA factors for forecasting the S&P 500 equity premium.
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Figure 1: The eigenvalue spectrum of the error terms in two empirical datasets

Note: This figure reports the eigenvalue spectrum of the idiosyncratic errors after extracting the PCA factors.
The black dots are the empirical eigenvalues of datasets. The blue dashed lines are the fitted distribution through

a polynomial decaying function. The number of PCA factors is determined by Ahn & Horenstein (2013)’s ER
estimator.
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500 replications.
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Figure 3: Accuracy of PCA and HFA estimators for the factors and loadings

Note: This figure reports the trace ratio (TR) of factors and factor loadings by the HFA estimators and PCA
estimators. The DGP1 and DGP2 follow a three-factor model in (37) and (38), respectively. « (in DGP1) and 6
(in DGP2) control the factor strength. For each estimation method, we report the median for 500 replications.
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Figure 4: Impact of skewness of factors on the accuracy of the HFA estimator

Note: This figure reports the sensitivity analysis of the HFA estimators to the skewness of factors in a three-factor
model. The DGP follows the model in (37), and the sample size is (N,T) = (300, 500). The value o controls the
factor strength and increases from 0 (strong factor model) to 1 (extreme weak factor model). The skewness of all
three factors increases from 0 to 2. Figure (a) shows the accuracy of the GER estimator. Figures (b) and (c) show
the average Trace Ratio of estimated factors and the corresponding factor loadings, respectively.

Table 1: Out-of-sample MSE for equity premium forecasting

Pre-Crisis Crisis & Post-Crisis Full Sample
MSE OS R? MSE 0S R? MSE OS R?
Panel A: GER criterion factor structure
PCA 2.115  0.120 2.734 0.086 2.318 0.107
HFA3 2.074* 0.137 2.676%* 0.105 2.272* 0.125
HFA4 2.070* 0.139 2.719 0.091 2.283* 0.121
JMCA 2.110 0.122 2.734 0.086 2.315  0.109
Panel B: ER criterion factor structure
PCA 2.113  0.121 2.730 0.087 2.316  0.108
HFA3 2.075* 0.137 2.786 0.069 2.308 0.111
HFA4 2.076* 0.137 2.787 0.068 2.309  0.111
JMCA 2.108 0.123 2.730 0.087 2.313  0.109
Panel C: JJR criterion factor structure
PCA 2.177  0.094 2.847 0.048 2.397  0.077
HFA3  2.188 0.090 2.797 0.065 2.388  0.080
HFA4 2136 0.112 2.874 0.039 2.378  0.084
JMCA 2.178 0.094 2.851 0.047 2.399  0.076

Note: This table reports the MSE and Out-of-Sample R? of four alternative 1-month-ahead forecasting methods for
the equity premium (the best performing methods are shown in bold characters). The out-of-sample forecasting is
implemented using rolling windows with 310 observations. The full forecasting evaluation period is from 1985-01
to 2018-12, the pre-crisis period is from 1985-01 to 2007-10, and the crisis plus post-crisis period is from 2007-11
to 2018-12. The MSE ratios with an asterisk denote that the left-sided DM test is significant at 10%, and the
benchmark model of the DM test is PCA. Panels A, B, and C use the number of factors estimated by the GER,
ER, and JJR estimator, respectively.
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(a) Estimated factor number (diversified Gy)

(b) Estimated factor (diversified Gy)
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(¢) Estimated factor number (diagonal G )

(d) Estimated factor (diagonal G)
Figure 5: Impact of skewness of u;; on the accuracy of the HFA estimator of the number of
factors (left panel) and factor values (right panel)

Note: This figure reports the sensitivity analysis of the HFA estimators concerning u;;’s skewness in a three-factor
model with respect to two specific Gy calibrations: (i) sufficient large number of nonzero elements and (ii) diagonal
matrix. The DGP follows the model in (37), and the sample size is (N,T) = (300, 500). The value a controls the
factor strength and increases from 0 (strong factor model) to 1 (extreme weak factor model). The skewness of w;;

increases from 0 to 2. Figure (a) and (c) in left panel shows the accuracy of the GER estimator, while Figure (b)
and (d) in right panel shows the average Trace Ratio of estimated HFA factors.
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(a) Estimated factor number (7" = 500)

(b) Estimated factor (T = 500)
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(c) Estimated factor number (7' = 2000)

(d) Estimated factor (7" = 2000)
Figure 6: Impact of decay rate of the spectrum of Gy on the accuracy of the HFA estimator of
the number of factors (left panel) and factor values (right panel)

Note: This figure reports the sensitivity analysis of the HFA estimators concerning tr(Gy) with 0;(Gy) =577 ina
three-factor model. The DGP follows the model in (37), and the sample size is (N, T) = (300, 500), (300,2000). The
value « controls the factor strength and increases from 0 (strong factor model) to 1 (extreme weak factor model).

Decay rate of the spectrum p increases from 0 to 1. Figure (a) and (c) in the left panel show the accuracy of the
GER estimator, while Figure (b) and (d) in the right panel show the average Trace Ratio of estimated HFA factors.
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Figure 7: Scree plot of the FRED-MD data set

Note: This figure reports the singular values of the full sample FRED-MD database (N = 124, = 720) based
on PCA, HFA3, and HFA4, respectively. All series in FRED-MD are transformed to be stationary following the
transformations described in McCracken & Ng (2016).
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Figure 8: Interval prediction of the S&P 500 equity premium with HFA factors

Note: This figure reports the point prediction and the 95% interval prediction of the S&P 500 equity premium
estimated by factor-augmented regression with the HFA factors. The S&P 500 equity premium is predicted on a
monthly forecasting horizon from January 1985 until December 2018.
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Figure 9: Out-of-sample CSSE for forecasting the S&P 500 equity premium

Note: This figure reports the cumulative sum-squared error of the HFA3, HFA4, and JMCA forecast based on the
PCA forecast, which is defined in equation (44). The S&P 500 equity premium is predicted on a monthly forecasting
horizon from January 1985 until December 2018. Shaded regions indicate the three largest drawdown periods of the
S&P 500 during the out-of-sample period.
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using higher-order multi-cumulants in weak factor models”, we first give the proofs of the lem-
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that is minimized by the alternating least squares algorithm in the presence of Gaussian factors.
Fourth, we discuss how to handle non-stationarity of the data when implementing HFA. Fifth, we
present an overview of several alternative factor estimation and selection approaches. Sixth, we
present the computational aspects in HFA. Seventh, we provide more robustness checks regarding
alternative specification of non-normality and additional application results. FEighth, we discuss
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method is provided. The proposed HFA estimators are available in the open source software R in
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1. Proofs

1.1. Lemmas

The following lemmas are useful to prove Theorem 1 - 3.

Lemma 1. A and B are p X p positive definite and positive semi-definite matrices, respectively.
Then, for any j+k —1 <4, i(AB) < ¥;(A)Yr(B); Yp—js1(A)Vp—i41(B) < ¢p_i1(AB).

Proof: See Theorem 2.2 of Anderson & Gupta (1963).

Lemma 2. Under Assumption A and B, denote M%C)T] = o;(N A k)(/\’@)’C DY for j =
1,2,...,R. Then, foreachj = 1,2,... R, plimyr)—o ug\l,?pj ug , where (p] ) =1;(X5C k)2® (k=1)

C;k)’) and 0 < u§k) < 00

Proof: Since E|| f;||*! < oo and ||\;|| < oo hold, it follows by Chebychev’s Weak Law of Large
Numbers that

p lim w (N (a— Dk/\ésck)(A’A)®(k_1)6§ck)/A/) _ wj(EACSCk)E%(k*UC;k)/)’

(N.T)—
where 3 = limy ;0o AA/N'". By Assumption A and Lemma 1, we have
vy =4 (N RACE (W A) DG )

<Y1 (N A/NT ) (A AN PE D) (CPCP)
SUFAA/NT ) (CPCHY).

Moreover, by Lemma 1 again, we have

1S SUR(A AN p((N A /N2 D)y (CPEW)
>k (A A /Ny (CPCP).

By Assumption A(ii) and Assumption B(ii), we have

pom iy = <p T ef(WA/NT)(CPCE) < ()0 < oo,
: (k> _ (k)? 1-a olile k) k(o (k)y2
p(N}%ILOO PNty =H; 2 p(Nl%noowR(A'A/N )%(C ") > (vr) (¢j )* >0,

for j =1,2,..., R, where vy, ..., vg are the eigenvalues of 3,.



Lemma 3. Under Assumption C, for 3 < k < K, we have

(a=1)k l)k ~

0, (N7 CW) = 0,(GY)x(Gx) "7 0,(y/ Nk log N/T)

forj=1,...,N.

Proof: Since £ = UGJI\{Q, we have C¥ = Gl/zé(k)(G%2)®(k_l). Notice that aj(éék)) =

95(CIC). For 9,(CVCY), we have v;(CCH) < (Gw)un (CLF (Gr)**CY) <
Y (Gy Y1 (C k)(G* Y@= 1)613’9)/), where G, is a diagonal matrix of the eigenvalues of G . It follows
that

~ * 4 * k) * T
Cvgk)(GN)(@(k 1 k) Z Z gn‘ 'gik 2B7(Hll2 g QG UZ112 k27

’L1 1 ’Lk 2= 1
where B 2”2 i, € RV*N s the (ilz'g _ig_3)-th block matrix of C{). To be specific, when
k=3, CPGy)2CY = 2N ¢:BYGiBY) and 03) = BY),...,BYy]. When k = 4,

~(4) s ~(4) N N 4) s =4 =4 =4
C’g )<GN)®(3)C£L) = Zz’:l Zj:l 9; gj 1(Az)jGNBu iJ and C [ng,%la s JBEL,%N7 co 7B(u,3VN]‘
When k£ = 3, we have

=1
N
=Y g; sup [VBGyBI)v|
i=1 [Ivil=1
N N

=> 6> g suw (Bv],)"

< max sup |BY)v]Z% Zzgzg]-
v v||=1

Ivi= Pl

Notice that SV, Z] 19795 = tr(Gn)?. We thus only need to bound max; supj,—; ||]§£kzv|]go For
i=1,...,N, let [Bu 2] ik = &ijk = 7 ZtT 1 &ijhts, Where iy = Uptjptge. Since ugy, ujp and uy, are
mutually independent and normal distributed, we have E(&;;:) = 0 and Var(&;r) < E(uf,) < oo.
Therefore, by Theorem 3.3 and Lemma 2.4 of Saulis & Statulevicius (1991), for any ||v|| = 1, we
have P(| S, viijrs| > @) < exp(—c*x3) with some universal positive constant ¢*. Notice that

the strong mixing coefficient satisfies a@;(n) < Ca1™ = C; exp(—log(1/7)n). Now by Theorem 4.17



and Lemma 2.4 of Saulis & Statulevicius (1991), we have

~ 1
P(IBvle > €) = Plnax| 7 Zkasijk,ti >¢)
1 k=
tl T 1N
<N]rrelﬁ\>[<P‘ szkf”kt‘>8

for sufficient small €. This implies max; supjy H]§ff3v||oo < \/c*log(N/68)/T with probability at
least 1—4. The bound of wl(é(uk) (G}‘V)®(k*1)éq(f)/) for k > 3 can be derived similarly. Consequently,

we obtain

0, (N7 CW) = 0,(GYH)r(Gy) "7 0,/ N ¥ log N/T). (1)

Lemma 4. Under Assumptions A and B, for 3 < k < K, it holds that
éék) — Aégck)A/@)(k_l) + éék) + ﬁ(k)7

where é;k), égck) and éék) are, respectively, the sample k-th order multi-cumulant of x;, f; and e,

and TI®) contains the cross terms between Afy and e;. To be specific, * = an_:ll 1% with

ﬁgi): Z Zcum €ty Cty v, Aft ), m:1,...,k‘—1,
NG s
( ) permutation m of Afe , k—m of et
where cum(et, €ty ,Aft) e RVXN*' s the k-th order multi-cumulant of {es, er, ..., Afi}, and
m of Af: ?,lﬂ—m of e¢
Z(k) permutation indicates the summation of (T’Z) permutation of {es, e, ..., Afi}.} Moreover, under

Assumptions A — C, for 3 < k < K, it holds that

71 (CW) + o1 (ITM) = 6y (CH)) + oy (TP),).

IFor example, when k = 3 and m = 1, we can write

T
Zcum ehet,Aft Zcum et,Aft,et %Zcum(Aft,et,et).
t=1



Proof: Under Assumptions A and B, for 3 < k < K, we have

1 T
= T Zcum(l’h e ,.fCt)
t=1

m(Aft +e . A+ €t)

1 T
zlecu

T
Z cu

k—1 T
1
m Aft,.. Aft Zcum €y e )—i— ZTZcum( €ty €4y Nf; )
m=1(ky =1 m of Afs , k—m of et

{ Zcum ftooo s f )}(A/®k 1)+égk)+ﬁ(k)

= ACY A’®k Ve 4,

Hence, the first part of Lemma 4 holds. Recall e¢; = G ut under Assumption C. We have

Tk) _ 1/2 _
HT(TL)_ k Z | TZGN cum ut,ut,‘;..,fz )( GN ®V®A/ )’ m—l,...,k—l,
(m) permutation m of fr , k—m of u m of A, k—m—1 of G1/2

Following the proof of Lemma 3, let

Cf:uf Zcum ut,ut,...,f )

m of fr , k—m of ut

We have

0'1(1_.[

RieS
=

) = Y a(GYCY (G e e N)

( k ) permutation

m

k ~ /
- ( ) o (C2EY, GV .. e N)).

m

Notice that k£ < K is a finite number, it follows that al(ﬁ,(fff)) = oy (Gl/zC(k (G]l\?2 ®...0N)).

m,u, f

Hence,

AR = v (IDIEY) = NO=n (G (C)
N(lfa)mwl(GN)wl(é(k)

(Gr)2E=m=D @ (A'A/NT=)Em O )
(GN) Q(k—m— 1)@> Z* ®m}cmuf)

X



where G, and X} are, respectively, the eigenvalue matrices of G’%Q and A’A/N'=* When m = k—1,
the term (G%)®*~™~1 is vanished, the rank of é,(f_)ljuvf(E*A)@(k_l)é,ik_);%f is R¥=! which is a finite
number. Thus, Theorem 3.3 and Lemma 2.4 of Saulis & Statulevicius (1991) used in Lemma 3

cannot be applied, we can only derive wl( N )1 wp(ZR)° (k= 1)C§€k)l1 u f) O,(N/T). Whenm < k—1,
write Cm%f = []?‘)gk)lmuf, o ,Bg@,N’m’u’f, . ,ﬁg\lﬁ)Nmuf] where Bz(l) i omuf € RN*E g the

11 -+ - 1x_o block matrix of éilj)u ’ Notice that u; and f; are mutually independent by Assumption
A(iii), we can follow Theorem 3.3 and Lemma 2.4 of Saulis & Statulevicius (1991) used in Lemma

3 to derive
P MPTIEY < oy (Gy) - tr(Gy) ™ O(N=9™) . O, (log N/T).
Overall, when k£ > 3, we have

@Oy = ] Yr(Gn): Nk -0, (N*/T), m=k—1;
e @Z)l(GN) . tl"(GN)kfmfl - NA—em Op(log N/T), 1<m<k-1.

For the terms 1 < m < k—1, (i) the dominated term is ¢y (II IR ) if tr(Gy) >> O(N'79), (ii) the
dominated term is ¢ (I, TIM) ) if tr(Gy) << O(N'=), (iii) all terms are O,(N1=*=D 166 N/T)
if tr(Gy) < O(N'~ O‘). For the case (ii) and (iii), it is obvious that zﬁl(ﬁ,(f_)lﬁ,(;?;) dominates the
remaining terms o (II Ok ) with 1 < m < k — 1. For the case (i), notice that by Lemma 3,
P (CPCH) = 4y (Ga)tr(Gn)F10,(N/T) >> by (TP, Together with cases (i)-(iii), it
follows that

71(CY) + (W) = 01(C) + o (T}Y,).

Lemma 5. Under Assumption A — C, for 3 < k < K, it holds that

(a—1)k ~

Tref (N7 C) = 01 (GYD)tr(G) ' Oy (/N4 log N/ T) + O, (/N /T),
forj=1,.... N—Rand 3 <k <K.
Proof: By Lemma 4, we have

CH = A@;k)A@(k—l) +CH W, k>3

Since rank(Aé;k)A@(k Yy =R, ﬂg@T Rtj < OR+j (Aégfk)A@(kil)) +01(CH) + 0y (TW) = 0y (CM) +
al(ﬁ(k’)). Lemma 4 implies that al(Cé )) —l—m(ﬁ(k)) = 01((~3£k)) +‘71(ﬁ1(ck—)1)- Notice that Ul(ﬁlg:k—)l)
NU=k20 (\/N*/T), then Lemma 3 and 4 imply the result.



Lemma 6. Under Assumption A — C, for j=1,2,..., R and 3 <k < K, if
tr(Gy) = o( N1 51 (log N) 77
and N*/T = o(1), then we have

(a—1)k ~ k
o (N“7CW) = u(); + 0p(1),

xT

where ,ug\];)m is defined in Lemma 2.

Proof: Notice that [L%%j < Uj(AéSck)A/®(kil))+0—1(égk))‘i_al (IIk)) = M%%7j+01(62k))+01(ﬁ(k))
for j =1,..., R. By Lemma 3, 4 and 5, when tr(G x)**N(@=Vklog N/T = o(1) and N*/T = o(1),

the result follows.

Lemma 7. Under Assumptions A — C, if tr(Gn) = O(Nﬁ(lfa)Tﬁ(log N)fklj) and N*/T =

o(1), we have

A (k)
lim AAD = QW
(T,N)—oo N1=%

(2)

The matriz Q™ is invertible and is given by Q) = (WF)=120E (DENL/2 yphere Uk = Cgfc)Ef(k*l)Cgfc)/,
DW) = diag(vy,va, ..., vR) are the eigenvalue of (WHF)Y/25, (WFN2 %1\ = limy_0 A'A/N'™%, and

I'®) is corresponding eigenvector matriz such that T®R'T®) = 1.

Proof: Multiply the identity N~0-*CHCH A® = A®DE on both sides by (égck) (NA/N1=2)
®(k’1)6§ck),)1/2A'/N1*a/2 to obtain

NA N P ~ . NA NA®
R(k—1) (~(k)'\1/2 x x k) _ (k) ®Q(k—1 1/2 )
(C <Nl a) ( C )/ lea/Q( N(1-a)k ) ® = (Cf (lea) ( )Cf )/ N1- a/zD (3)

Notice that ¢j(w) = %(AC (F) (A Yo (k_l)égck)/A’/Nl_o‘) +o0,(1) for j =1,2,...,N — R by

NQA—a)k Nl-«
Lemma 6. We can rewrite (3) as

~ ), NA ANA AA ~ ey, VAR
(k) @(k-1) (k) k—1) (k)
(CF (i) V) (G (CF (=)™ VY ) (G "
AA AA®)
= (CP ()" V)2 (e D + 0pl(1)}.

k ’ 1\ ~(KY k AA k k k N
Let Ul = CP (&A= DCH then BYy = (U5) 2 (A (T2, and Jiy = (W) /2 (24 ,).




Then we can rewrite (4) as
k k) 7 (k
{BNr + op()}y7 = Jvr Divr. (5)

Thus each column of J ](f% is the eigenvector of B](\]f% + 0,(1) without standardization. Let lAjJ(\I,C)TT be

~ (k)t—1
the eigenvalue matrix of J](f%’ J](\]f% Denote FE\I,C)T = J](\]f%DJ(\’;)TT ? so that each column of FE\% has a

unit length, and we have
k)t
{BNT +op(1 )}F NT = FN%FDEV)T (6)
Thus FE@T is the eigenvector matrix of BZ(\],C% + 0,(1). Note that B](\’;% + 0,(1) converges to B®) =
(U125, (*))1/2 By Assumption A and B. In addition, the eigenvalues of B\ is distinct by

Lemma 2. Following Bai (2003)’s proofs of Proposition 1, there exists a unique eigenvector matrix
T'® of B® such that |[T® — T = 0,(1). From

AA®) .
i = (Unp) DR (D) 2, (7)
we have <
N A*
=T N (\Ij(k))_l/QF(k)(D(k))l/2 (8)

by Assumptions A - B and 1555); —, D®).

Lemma 8. Define the rotation matrix

NA Y NGRS
HY = O (7=) " VCY (G ) (Divr) ™ (9)

Under Assumptions A — C and if tr(Gy) = O(N%(l_a)Tﬁ(log N)_ﬁ) and N*/T = o(1),

AAK)
N

( ) H® =15+ 0,(1), (10)

where D! )T is R x R diagonal matrixz of the first R largest eigenvalues of N<1 F C;k)éék), n de-

creasing order.



Proof: We have

NA®) A
(I HY =5~
AW B

a)@(k I)C k)/A,)(\/N) (e

Notice that ob;(SerCar) = o) (5 ACW (AL )2t-DEW A") 4 0,(1) for j = 1,2,...,N — R by

N(A—a)k
Lemma 6. It follows that

A®7 NA ~ oy e A®)
() AP (G VC M () = Dir + op(1).
Therefore,
NA® o
(m) = {D\y + 0,(1)} Dy
:IR+0p(1)-

1.2. Proof of Theorem 1
The proof of Theorem 1 follows the same strategy as that in Ahn & Horenstein (2013). The

main results are based on the asymptotic properties of ji /LNT If limp_ o égfc) is full rank R, we
have MNTT/IUNTT'+1 = 0,(1) for r # R and NNT,R/MNT,RH — o0 as (N, T) — oco. Indeed, while the
ratio of the R-th and (R + 1)-th singular values of cW diverge to infinity, all other ratios of the
two adjacent singular values are asymptotically bounded. All lemmas used to prove the theorem
can be found in this Supplementary Appendix.
By Lemma 6, for j = 1,2,...,R— 1, if tr(Gy) = O(Nﬁ(l_“)Tﬁ(logN)_ﬁ) and N*/T =
o(1) holds, then we have MNTJ/NNT]H /LNTJ/,LLNTJ_H +0,(1) = O,(1). Subsequently, by Lemma
5, ~]\];)TR//LNTR+1 = (MSV)T7R+0,,( ))/0p(1) = o0 as (N, T) — oco. By Lemma 3, for j =1,...,N —

~ (k
R—1, NSV)T,R+j/MNT,R+j+1 = O,(1). Thus, we have

5§ I o© , j=R,
im
p(NT) MNT] NNTJH 01) . j£R

Subsequently, the consistency of the GER estimator follows from (11).



1.3. Proof of Theorem 2

Our proof follows the same strategy as that in Bai (2003) for the estimation of A using cl =
%X 'X. The proof mainly comprises the following steps. First, we state the identity between
the proposed estimator A®) and the sample higher-order multi-cumulant c. Subsequently, we
generalize the rotation matrix H*) in Bai (2003) and give the explicit form of the estimation errors
of factor loadings A® — AH® and factors F® — F (H®")=1 Finally, we give the convergence rate

of the estimators based on that of the estimation errors.

Let 135\’% be an R x R diagonal matrix of the first R largest eigenvalues of (11_(% cPch in
decreasing order. By the definition of eigenvectors and eigenvalues, we have Cg’“)ég’“)'f\(k) =

A k)DNT or

N(l a)k

1

Ak _
A Nk

CHCE A® (D)), (12)

Recall the rotation matrix in (9),

A'A ,AA( ~ (k) \—
H = CP ()0 C (G /(DR

By Lemma 6, HDNTH < Z ~§\’,€T] = O,(1). Under Assumptions A and B, we have HN1 5l =

k 1A (k) k
0(1), |ICP] = 0,(1) and u%n = 0,(1). Subsequently, |[H®| < N%||CP|]2 - || &A1
1A (k) =(k)-1 a
| AAS - 1D | = Op(N3).

Therefore, the estimation error between A® and A is

AW _ Ag® —

AN'A wy NA®)
NG-o)F i)Y (G (D)

L amanr L \ew k1) ()
= V{5 CWCE — e ACP (W)

CHCHAW(DY) ! — ACY (==

-~

AW = -
77 D)

Notice that AA" — BB' = (A — B)A' + B(A — B)' for two matrices A, B € RP*?, we have

Héék)éik)' —Aégck)<A/A)®(k 1 k) A/H <oy (C AC A/®k 1) (Hc(k H + HAC A/®k 1)”)
Since HN(I}Q)Méék)H = HmAégﬁ)A/@(k_l)” = O,(1). Tt suffice to bound mgl(ég’“) —
Aégck)/\@(k_l)). Notice that

1 = 1

_ - Wk __ -
N(1—a)k/2 C; NI—a)k/2

L ewy 1 p[w

(k) A®(k—1) __
AC (A) O N(—ak/2 e N(1—a)k/2

10



where II™ is defined in Lemma 4. By Lemma 3 and 4, we have

1 (K (k) A 1©(k—1) (k) 1 Tk
N(l_a)k/Qal(C;) — AC7N ) < al(N(1 - k/ZC )+01<TN(1—a)k/2H( )
= 0,(y/tr(G )N @Dk log N/T) + O,(/N*/T).
Together with ||A( || =1 and ||( ) 'l = O,(1), the average convergence rate of A® g

\/_||A AH®| = 0,(1/tx(Gx)FIN@DElog N/T) + 0,(\/N*/T). (13)

For the estimated factors F®_ we have F® = XA® /N = FANA® /N + EAH® /N + E(A®) —
AH®)/N. Lemma 8 implies that A’A® /N — (H®")=L. Therefore, when (N, T) — oo, substitut-
ing (H®)~1 for VA® /N to obtain

1
ﬁHF(k) FHY)™ < THEAH ©/NI| + \/—HE( ~ AH™)/N].
The first part holds || EAH k)/NH < Jam= (FFIIEA/VNT2]) - Oy(N*/2) = O0p(75)0,(1). The
second part holds as \/—THE( — AH®)/N|| < UI(WE>\/N||A —AH®| = O (W) +
Op(\/tr(GN)kiljj\\;;_lmogN). Overall, we have
1~ 1 1 tr(Gy)F~IN(@-Dklog N
—||F® — p(H®")~ — )+ Op(———=—=)+ O \/ :
\/TH ( ) || (m) P(m) P( NT )

1.4. Proof of Theorem 3
The proof of Theorem 3 follows the same strategy as that of Theorem 2. For each ng) and ]/”}k),

we give the explicit form of the estimation error. Subsequently, we find the dominant term and use

the sandwich formula to derive the asymptotic distribution of the proposed estimators. We use the

same notation as that in the proof of Theorem 2. We denote [A]; as the i-th column of matrix A.
To derive the distribution of /):Z(-k), we need define a new rotation matrix as follows

— 1

AY = gy CP N ICE AN (D) (14)
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Notice that

_ 1 ~ _ Y~ v
k) (k) A 1®(k—1) ®(k—1) ~(k) k) k) k) 1
H<>_—N(1_a)kcf A (A CH'A + CH' + W) A® (D))~
L =) v®k=1) (2 k) - SN R S (k) y—
= HO G OV (G )R (D)

= H® 1 0,(1),

provided that tr(Gy) = O(N%(lfo‘)Tﬁ(log N)fﬁ) and N®/T = o(1). First, we derive the
distribution of //\\l(k) . By the definitions of H® and equation (12), we have

30 _ gy, — PR Ry L&) VN

iy ) (e Ce N(l_a)k/g[éik)/—(/\)w DCPNY (15)

Notice that [(Nj(k), A‘X’(k*1 (N](k)A’] = [ﬁ(k)/ + (Nl(k),]i by Lemma 4. By Lemma 3, we have
al(mc(k) ) = tr(Gy) "7 O,(y/N@ ¥ log N/T). By Lemma 4, we have al(mﬁ,@;) =
o1 (e AP ED LAY B) = 0,(\/NJT). I tr(Gy) = o(NT1(log N)“F7), then stz CL
is negligible after multiplying v7TN—. Now (15) can be rewritten as

c VN 1 No
3 (k) (k)1 k) Lo & Ak Ca @k—1) * 47(k)r N
AV - H A= (\/NA )(N(pa)k/z)N(pa)k/zA THf €i 1 0p( T )

S0 ek g
_ 0L RgenACT A VN eeey Lgoor, 4, N (1)
NT \/N N(1—a)k/2 N(1—a)k/2 T P T

~ AN~y NA Ne
_ (D®) -1 (k)
- (DNT) <N1704 )Cf (lea) Hf el+0p( T )

Now multiply both sides of the equation (16) by VTN~ to obtain

- ~ 1, AN~ NA
TN\ — HY'X) = (Dyn) (e CF (e

1 -
o0 1 Wre, 1 0,(1). (17
0D+ 0, (1), (17
When (N,T) — oo, N*/T — 0 and tr(Gy) = O(Nﬁ_o‘(log]\/)_ﬁ)7 we have égck) — C;k)
D( ) — D" ]ﬁﬁ);% — Q™" and N1 =~ — Y. By Assumption D(i), we know that %ﬂ;k)’ei 4,
N(0 ,@Z(-k ). Overall, following Proposition 2 of Bai & Ng (2023), substituting H®* for H®)

have

TN\ —HO'\) 5 N (0, (DP)1QW P ()% 1o (m,) =+ LcM W (DW) 1), (18)

To derive the limit distribution of ﬁ(k), we follow Bai (2003)’s proof of Theorem 2. From F) =

12



XA®/N and X = FA' + E, we have f{*) = NTTA®VAf, + N~HA® — AH®)Ye, + N-LHE \e,
Using NA® /N — (H®’)=1 in Lemma 8, we obtain

1 1
= (H™ L, :NH(k)IA’et + N(A(k) —AHB)Y'e,. (19)

The last term holds [ +(A® — AH®Ye || < LI LEA® — AHW)|| < o)A E) | A

T k—1N(a—1)k og : @

kl)H = (W)+O (\/t (Gn) N ! A) Therefore, if we have N®/T — 0 and tr(Gy) =
o(T*T N#T 0= ) (log N)~ k—l) the last term + (A

VN. Equation (19) implies

— AH®Y e, is negligible when we multiply by

1 1
JNa /Nl

Together with Assumption D and 1 H(k) (Q™)~1, we have

VN = (H9) T f) =(—=H"")( Ner) + op(1). (20)

VNP — @HP) L) 5 N(0,(QW) 1, (QW) ). (21)

1.5. Proof of Proposition 1
Recall that Gy = LG%IL/, then C¥ = (LG 1)CP (LG 2 1)ek-D  Since o2(CH) =
N N N 1
b1 (CPCP'), we only need to study ¢ (CHFCH). Let CF = L’ (L)2*-D. Notice that

Y1 (CHCH') = by (GRL'CH (L)2H (G 2H ()2 WD e L)
N

(i) When k = 3, write cy) = [B(g) B®) .,B ~]s where B ) has all elements equal to zero, ex-

u, 1y w20 "

cept the i-th diagonal element, which equals /i Analogously, write CY [B(B) BEL%, o ,BS:%V],

u,19

we have
1 (CECE) <y (Gy)y (CP(Gy)*PCP)

N
<9i(G) D g (BYIGLBY).

i=1

13



Note that ]_3(u3) IO B( ))L with Z; By 3) = diag(/y, mu 1, . JN,i"fq(jgv)- Therefore,

j=1"5

N
B LGyL' Y 1;;BY)L)

= j—l

N
<¢1(Zz Zz By (Gy)
= Y 7yt 1

j=1

< G5 maxl-izmaX/f 2
< 0 (G max s ).

U1 (BY)GyBE

S
TMZ

Recall the number of nonzero elements in (Iy;,...,1;;)" is G; and V/Gi|l;;| = O(1) if I;; # 0. Tt

follows that max;eny [1j,]* < G;'. Overall, we have

DY) < YHGR)r(Gy) g%gfgllﬂl k()7

S UGNt (Gw)G KD P,

(3) _

where £’ = maxje|n |/<o | and G = min; G,.

(ii) When k = 4, erte cly [Bﬂl,.. BﬁN, . Bfﬁ\”,.. Bﬁv N Where Bu” has all
elements equal to zero, except the i-th diagonal element of Bu 2 ;» Which equals li Analogously,
write C) = [Bfﬂyl, . ,BEﬂ’N, . ,Bfﬁv,l, . ,BS%MN], we have

Di(CHC) < (G (CR(G)*PCLY)

Note that B{) . = /(XN SN 1,40, Bi.4) L with

u,t,7

Z Z Lpily ;B = diag(ll ki, o vl sy,

p=1 ¢=1

14



Therefore,

N N
i (BYLGAYBYL) =0 (LD ile, B, LG*L’ZZlmlq]Bum

p=1 g=1 p=1 q=1
N N
S ¢1<ZZZP 1lq JB1(L41))qZZlP Zlq JBu4pq ¢1(G*N)
p=1 ¢=1 p=1 ¢=1

< 1 (Gy)m ?X|lpz| |l117j|2ngf’“3":|’i |2

Overall, we have
P (CHCH') < 2 (Gi)tr(Gy)? max max |1,,,|? |lp]\2max |/<(4‘)|2
1€[N] p€[N] €[N]

S UH(G(Gr)*G 7 s,

where nSj‘) = MaX,c[N] |m(f;;| and G = min; G;.
(iii) When k > 4, we have

/

Yi(CHCH') < (G )i (CF(GR)* D).

AR v 1y (e N N . « Tk .
The matrlx CQ(L )(GN)®(k 1)C£L ) = Z’Ll:l e Zik_gz:[ g’Ll e gik_QBl(L,Z)liQ...ik 2G u 7,17,2 ’Lk 27 Where
BELIZ?”-%ZF2 € RY*N is the (iyiy . .. i o)-th block matrix of C". Notice that

N N
k k
B1(L 1)1 dk_o Ll( Z e Z lfl,il e lek—2:ik—2B’(u,21...€k,2)L

f=1  ly_o=1

= L’diag(lul s ll,ik72ﬁlgg, R 7lN,z'1 s lN,ik,inq(fj)v)L-
Analogously, we have
= (k
1B iy VB hiayn) S 1 (GR) max(lin - iy, ) mae 1,5

JE[N] ’ €[N]

Notice that max;en) (|l | [ |?) < G~*=2. Therefore,
Y1 (CHCH) < (GG e (Gr))* w0

Now for k£ > 3, we have al(Cé’“)) < Ul(GN)[gfltr(GN)]g_l|/11(Lk)|. Lemma 2 already shows that
aj(N(a 2 AC! k)(A’®(k M) < 0(1) for j = 1,2,...,R. Tt is sufficient for aj(ACgck)A@(k*l)) >

15



al(Cgk)) if we have
(a—1)k

N2 o(Gy)[G Hr(Gr)]2 e = o(1). (22)

MES

Furthermore, if there exist some identical eigenvalues in Gy, the eigenvalue decomposition and
the eigenvector matrix L are not unique. Hence, under such case, we need that (22) holds for any

matrix L belonging to the eigenvector space of Gy.

1.6. Proof of Remark 4.3

First, we give the proof of the convergence rate of the HFA estimator following the normalization
conditions that A’A/N = I and é;k)é;k)’ be diagonal. Thus we have ||A| = O(v/N) and ||F|| =
Op(VN=T).

Lemma 7 implies that plimn)—ec A'/A\(k)/N = Iz. Combining this with Lemma 8 we have

HW® — I, we can remove the rotation matrix H®) and obtain

1~ tr(Gy)+1tlog N Ne
_—_JA®) _ - -

L~ 1 tr(Gn)k!log N
ﬁHF( '~ F| = O”(\/_N) + O ) p(\/ Nk

(23)

We then derive the limit distribution of ng) and ]/”}k) under the normalization conditions A’A/N =
Iz and é;k)é;k)’ be diagonal. Notice that H*® — Iy and Q® = I. Notice that D™ now is
the eigenvalues of Cgck)C}k)’ when A’/A/N = Ig, namely {D®}; = af(C}k)) for i = 1,2,...,R.

Therefore, the limit distribution of /)\\l(k) can be simplified as
VIN=(\® — \)) -5 N(0, (D™ tePect (D®)). (24)

For the limit distribution of ﬂk), by Lemmas 7 and 8, it holds that H® — I and Q%) — I. We

then obtain

VN — f) =5 N (0, @), (25)

thus the result in Remark 4.3 follows.

2. Asymptotic results of factor-augmented regressions based on HFA factors

In this section, we will give the asymptotic results of the following factor-augmented regression
based on HFA factors:

Yern = B fe + VWi + €. (26)
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Prior to that, we need to make some assumptions on the factor-augmented regression:

ASSUMPTION E: Factor-augmented regression
(i) Let 2z, = (f},W}), E||z||® < oo, E(ersnlys, 26, Vi1, 2¢-1,--.) = 0 for any h > 0, and 2; and ¢ be
independent of the idiosyncratic errors e;, for all 7 and s; %Z; 22y 2.3, >0;

(ii) For any h > 0, as T" — o0,

T
1
\/T E Zt€t+h d> N(O, Zzz,e)a
t=1

— i 15T 2 /
where ¥.. . = plimy oo 7 Y1 (€7, 52021).-

We first consider the properties of the least squares estimates 5 when the k-th order HFA
1 B\/ 7Y and § = (\/Jl\/TB/H(k)7’7/)/7

N(!
where H® is an R x R rotation and rescaling matrix and ||[H®| = O,(v/N®). Subsequently, the

estimates of the factors ﬂk) are used as regressors. Define 5= (

following theorem holds:

Theorem 4. Suppose Assumptions A—F hold. The following results hold for HFA factor-augmented

regression.:

(i) If VN22=1T — 0 as (N,T) — oo and tr(Gn) = O(T%N%(l_o‘)(logj\f)_ﬁ), then § is a

consistent estimator for ¢, i.e. 5255

(i) Moreover, if tr(Gy) = O(Tk%lN%(l_o‘)(log N)_k%l), a<1and TN'*™2* - o0 as (N, T) —

oo, then
VTS = 8) -5 N(0, %), (27)

where Yg = (A ) D INED DN ik (A N1 with A(()k) = diag(Q™, 1) being block diagonal and
Q™) defined by Theorem 3. A consistent estimator for X5, denoted by Avar(g), 18

T—h
/\/\ 1
Avar(9) Z 2z kI - Z et+h%fk)’{tk T Z zkR z R - (28)
=1

Theorem 4 establishes asymptotic normality of factor-augmented regression parameter § with
weak factor models. Using the HFA factors ensures that § is consistent with asymptotic normality
under mild conditions on tr(Gy) for factor loading strength « € [0,1). The case a = 1 is invalid

since F'® is inconsistent after rescaled by v N. Bai & Ng (2006) establish the rate of convergence
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and the limiting distribution of ¢ in a classical strong factor model (o = 0). However, their
theorems are infeasible for weak factor models.
Suppose the object of interest is the conditional mean of (26). A feasible way is to construct a

confidence interval for the conditional mean. Note that the equation

Grsnr — yranr = (0= 0)2 + g HO(F — (H®) ™ fr) (29)
has two components, which arise from estimating 6 and f,. Theorems 3 and 4 show that v/ N ( At(k) —

(H®)=1£,) and VT (3\— ) exhibit asymptotic normality for each ¢, respectively. Therefore, the

following result holds for yp 4z

Theorem 5. Let yrinr = 25\’%?) Under the conditions of Theorem /j (ii), then

(yT+h|T - yT+h|T) i> N(O, 1),

Var@T+h|T) (30)

42 A G0 + 47 Avar ()5,

where var(Yrynr) =

Theorem 5 establishes asymptotic normality of forecasts yr pr with HFA factors. Notably,
Yrnr ensure consistency for all a € [0,1), TN'™2* — oo as (N, T) — oo and tr(Gy) satisfies mild
condition. As the two terms in var(yrinr) vanish at different rates, notice that || 3 | = O,(VN®),
and the overall convergence rate for §T+h|T is min(\/m, VT ). When weak factors are used
(a > 0), the convergence rate of Jrpr is slower than min(v/N, VT).

Furthermore, when the objective is to forecast yryn = yrinr + €ryn, the forecasting error
€rsn = Yranr — Yren = (Urinr — Yrinr) — €rsn. Hence, if ¢ ~ N(0,02), we have epyy ~
N (0,02 + var(gr 7)), a consistent estimate of o2 is & 3" | €. Once estimators for Var(/QT:”T)
are given, prediction intervals can be easily constructed. For example, the 95% confidence interval

for the conditional mean yrpr is

(?//\T+h|T — 1.96\/ var(rsnr), Yrsnr + 1.961/ Val"@T+h\T))

and the 95% confidence interval for the forecasting variable yr,j, is

(@\T+h|T — 196\//0'\62 + Var(@\T+h|T>; /y\T+h\T + 196\/6'62 + Var(g//\T+h|T)> .
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A consistent estimate of var(yp 1) is given by

—

//\\ 1 / N 1 /\ ~
var(Gronr) = 77y Avar(0)z + L' Avar(Fi)5, (31)
where Avar(d) is given in Theorem 4 and Avar(ﬁk)) = <f>§f“ ). Following Bai & Ng (2006), the R x R
matrix @k) can be
1 e k)2
k)
o == Z e AN (32)

where €§f) =Ty — ng),f}k). Notice that HXEMH = 0,(V'N) and | \i|| = O,(VN1=2), so we have

o = Z O VNP [/ Ney. (33)

As all the elements in (33) are consistent estimators, &\)gk) is a consistent estimate of ®,.

2.1. Proof of Theorem 4
Let 2 = (f. W), 27 = (VNAFY W), and H® = CF ()= t=0Cf () (D) ™!

Nl «@
We directly start to prove the asymptotic distribution of §, the consistency of § can be easily

derived from it, hence we omit it here. Adding and subtracting terms, the regression model can

be written as

yt+h = /Blft + ’}//Wt + €t+h
= BHW Y + o'W, + e+ S HO{H®) ' f, - 1)
= 5"+ e+ SHOUHO) "~ 7).
In matrix notation, ¥ = 20§ 4 ¢ 4 {F(H®')~1 — FOYH® B where Y = (yni1,...,yr), € =

(ens1,-- . er),and 20 = (3 ?Tk)h) The ordinary least squares estimator is § = (3%)'2(0)) 131"y
Thus,

1 ’ ’ 1 / / [
——2W e g (7 1z 22 p(g®) Sl pR g g (34)
VT VT
First, notice that || =20 {F(H® )= — FOYH® 8| < | LW {F(H®)=1 — FO[| H®|O(1)
= O,( (G N DM s Ny Theorem 2 and |[H®|| = 0,(vVN®).

VT (6 —8) = (T712®'20)

=)+ Ol o==) + Op(\/ NT-aT
Therefore, the second term on the right of (34) is 0,(1) if tr(Gn) = o(TﬁN%(l_o‘) (log N)_kll),

TN'™2¢ — 0o and a < 1. For the first term on the right of (34), \/sz(k)/G = =(VN adF® WY,
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Now,

Na/\ ’ NO‘ ~ ’
1/Tp(k) (H(k /«/ @)~ \/_F'e—k (F(k) _ F(H(k) )_1)'e,

where the second term ,/%(ﬁ(k) - F(H(k)/)_l)’e = 0,(1), which provided that the above con-
ditions. Thus, \/LTE(’“)IE = \/LT( F(H® /]\/No)"L W) + 0,(1) = \/LTAZ’G + 0,(1), where A®) =
diag((H® /v/N*)71 1) is a block diagonal matrix. Thus,

VTG = 6) = (T—lﬁm/z(k))—l%z'e +0,(1).

Since \/ifz’ e - N (0,%,. ) by Assumption E(ii), the above is asymptotically normal. As ( 5](\%)_1 SR
Q® by Lemmas 7 and 8. Define A = diag(Q®),I); now, T-120' 2k = A®(T-122)A® 4

op(1) 2 Agg)ZzzA(()k),. The limiting variance is

s :(A(()k‘)EZZA(k)/)fl(_A(k)zzz CA(k)')(Aék)EzzAék)')fl
:(AO ) 12 1Zzz 2 (A )

As f, = H(k)ﬁ(k)—i—op(l) and z, = (f/,W/)’, we have A ( Zt ) et+hztzt)A ()’ =7 Zt 1€?+h3§k)3fk)'+
- = h ~(k)~(k), h k) ~(k h ~(k) ~(k), )
0p(1). Therefore, Avar(d) = (£ 1" Z & (A e,, a8 ) o 23 s a

consistent estimator for Xs.

2.2. Proof of Theorem &5

We first rewrite the prediction error

Yrsnr — Yrenr =0 J?( +AWr = B fr — ' Wr

_f—w H®' gy VNa i) + g HO (1) — (HD) L fr) + (7 — 7) W

== (VTG - 0)) + B HOHE = (1) 1)
Both /T (;5\— §) and VN (/;k) — (H®™)~1£1) are asymptotically normal. They are also asymp-
totically independent because the limit of v/T (;5\— J) is determined by (i, €g,...,€er), and that of
VNI — (H®)=1 ;) is determined by ey for i = 1,2,..., N. Noting that T-Y2(Zp — z7) =
0p(1), an estimate for the variance of zT{\/_(5 - 5)} is lZTAvar(é)zT, which, in turn, is
estimated by —ZT) Avar(é)/#e). Similarly, an estimate for the variance of the second term is
L(BH* )Y Avar(f} T MY(BH®), which, in turn, is estimated by %,/B\/Avar(f}k))a Thus, (Yrinr —

yrnr) /var(Gr o) N N(0,1).
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3. HFA estimates in presence of Gaussian factors

In the main paper, we assume that all common factors are non-Gaussian. In this section, we
extend the approach to the case of both Gaussian and non-Gassuian factors. In subsection 4.1
we describe the approach for estimating the number of factors. In subsection 4.2, we provide an
iterative estimation approach of Gaussian and non-Gaussian factors in the presence of independent

Gaussian factors.

3.1. Two-step estimation of the number of factors

In the main paper Lu et al. (2024), we show that the number of non-Gaussian factors can
be estimated consistently by maximizing the GER criterion. If some factors are Gaussian and
independent with the non-Gaussian factors, the GER estimator is not consistent for the number of
factors R, because Assumption A(iii) is violated (Cgck) is not full rank). The estimation of Gaussian
and non-Gassuian factors in the observed factor model has been studied in Lu & Huang (2022). In
this subsection, we propose a two-step estimation to solve this practical problem. To be specific,
we first use the GER estimator to select the number of non-Gaussian factors. Given a consistent
estimate of the number of non-Gaussian factors, we then estimate the remaining Gaussian factors
based on a filtered series without the non-Gaussian factor structure by using the estimator of
Ahn & Horenstein (2013). The two-step estimation guarantees the consistency of factor number
estimation when the Gaussian factors exist. Before we introduce the procedure, it is necessary to
redefine the factor model. We denote the non-Gaussian factors as fj; and the Gaussian factors as
fqt, the corresponding factor loadings are Aj, and A, respectively. Therefore, the factor model can

be rewritten as

/

X:FhA;LJngA;JrE:(Fh,Fg)(/A\?)+E:FA’+E, (35)
g

where F' = (Fj, F,) is the factor matrix and A = (Ay, ;) is the factor loading matrix. Non-
Gaussian and Gaussian factors are assumed to be independent. Let Rj, and R, be the number
of non-Gaussian and Gaussian factors, respectively. When R, = 0, the GER estimator give a
consistent estimation of the number of factors, namely }/%GER = ﬁhGER — R. When R, > 0, the
GER estimator only give a consistent estimation of Rj,. Therefore, we shall assume a known Ry,

and give the consistent estimates of the number of Gaussian factors IR, using the filtered series:

Wyt = Ty — Mpfre = Ny fgr + €. (36)
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Since the series wy; only contains the Gaussian factor structure, it is a traditional factor num-
ber selection problem in the mean-variance framework. Several authors have proposed effective
methods to estimate R,, e.g. Bai & Ng (2002) and Onatski (2010). We recommend to use the
Ahn & Horenstein (2013)’s Eigenvalue Ratio test to estimate the number of Gaussian factors R,,.
Since w,, is unobserved, R, is estimated by the consistent estimates @w,; = x; — /A\hﬁt. In the
next section, we will discuss the factor extraction methods used to estimate A;, and fj,; consis-
tently. The consistency of R, is not affected when the number of non-Gaussian factors Ry, the
non-Gaussian factors fj;, and corresponding factor loadings Aj,, are unknown or consistently es-
timated. This is because P(ﬁg =R, = P(}A%g = Rg,ﬁh = Rp) + P(}A?g = Rg,ﬁh # Ry,), and
P(R, = Ry, R, # Ry,) < P(Ry, # Ry) = o(1). Thus

P(Rg = Rg) = P(ﬁg = Ry, ﬁh = Rh) + 0(1>7
(Ry = Ry| Ry = Ri)P(Ry = Ry) + o(1), (37)
(éy = Rg“/%h = Rh) +o(1),

provided that P(]??h = Ry) — 1. In addition, denote EZ as the number of Gaussian factors
estimated by the true series wy;. Similarly, we have P(ﬁg =R, = P(ﬁg = Rglﬁh = Ry, Eg =
ﬁ;) + o(1) because P(ﬁ; = R,;) — 1 and P(Eg = ﬁ;) — 1 (g4 — wgyt). In summary, given the
consistent estimates of Rj,, F}, and Ay, the consistency of R, can be guaranteed based on @;.
Overall, by giving consistent estimates of R;, and R, respectively, we can get a consistent
estimate of the number of factors R = R, + ﬁg. It should be noticed that for all « € [0, 1], the
GER estimator is consistent if the conditions in Theorem 1 are satisfied, however, consistency
of }A%g only holds in a € [0,0.5), see in Freyaldenhoven (2022). For some Gaussian factors with
weak explanatory power (a > 0.5), the existing covariance-based approaches cannot identify them
successfully, this can be improved by using the GER estimator if factors have information on their

higher-order moments.

3.2. Iterative estimation of factors and loadings

In this subsection, we present the procedure used to estimate factors and factor loading in the
presence of independent Gaussian factors. The notations in Section 4.1 continue to be used in
this section. We assume that the number of non-Gaussian factors R; and the number of Gaussian
factors R, is known (or estimated consistently). We provide a two-step procedure to estimate
factors and loadings.

First, ignore (Fy, A,) and given Ry, we can define the error terms e; = A, fy + e, the original

factor model (35) reduces to the structure x; = Ay fis + €;. Following the identification condition

22



in the main paper, A, can be estimated by
/A\glk) = arg max tr{A;l((N?;k)(Njgk)/)Ah}, (38)
h

subject to the constraint Ay Ay = Ig,. The HFA estimate of A, subject to the constraint, denotes
that /A\gc), is v N times the eigenvectors corresponding to the R), largest eigenvalues of the N x N
matrix C'C'. Given /AXﬁlk), the non-Gaussian factors can be obtained as F| ,Ek) =X /A\Elk) /N.

Next, given (F\}Ek),f\gk)) and R,, we define the matrix Q, = (w,1,wy2,...,wyr) € RN with
Wot = Ty — K;Lk) A}(Ll:) Then, based on a similar argument, the original model (35) reduces to the

structure wy; = Ay fg + €. Therefore, estimates of A, can be obtained by maximizing the objective
function:

~

A, = arg H}gxtr{TflA;Q;QgAg}, (39)

subject to the constraint %A;Ag = Ig,. It is an eigenvalue decomposition of matrix WQ;Q
The estimate of Ay, denoted as Ay, is VN times the eigenvectors corresponding to the R, largest
eigenvalues of the matrix %Q;Qg and the estimated Gaussian factors ]39 = Qg/AXg /N.

Moreover, following Ando & Bai (2016)’s alternating regressions, the estimators can be obtained

by using the following iterative algorithm:

Step 1 Initialize the number of non-Gaussian factors (Ry) by the GER estimator or priori knowl-
edge, and the non-Gaussian factors and the corresponding factor-loading matrix {F}, o, Ano}
by solving (38).

Step 2 Given {ﬁ,gko), K%}, initialize the number of Gaussian factors (R,) by Ahn & Horenstein
(2013)’s ER estimator on the filtered series w,; = x; — A(k A(k . Then, initialize the Gaussian

factors and the corresponding factor-loading matrix {F}, 970} by solving (39).

Step 3 Given {F, 3 9,0 Ag 0}, updating the non-Gaussian factors and the corresponding factor-loading
matrix {Fhk) Ah 1} by solving (38).

Step 4 Repeat Step 2 and Step 3 until convergence is achieved.
Remark 3.1.

e The non-Gaussian factors and corresponding factor loadings { Fy,, A} initialized by optimizing
(38) with the error terms e; = Ayfy + e;. Notice that ef satisfies Assumption C. Hence
{F\}Ek),f&gﬁ)} are consistent estimations by Theorem 2. Furthermore, using the filtered series

Wgt = T4 — A( )/}L’;) one can then initialize R, and the Gaussian factors. This two-step
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estimation preserves consistency of the estimators since the presence of Gaussian factors
doesn’t affect the asymptotic properties of the proposed estimator of non-Gaussian factors by

Assumption A(iii).

4. HFA estimates with non-stationary data

Inference on factors using HFA requires the k-th order cumulant of the factors f; to converge to
a constant matrix as 7' — 0o, and the sample cumulant converges to its population counterpart,
see in Assumption A(ii). This assumption is clearly validated in case of stationary data. The goal

of this section is to explore how HFA can be applied in case of non-stationary data.

(a) Time trend
A first case of non-stationarity occurs when the data has a deterministic time trend. In this
case, we recommend to transform the data to stationarity before applying HFA. To illustrate this,

let us consider a single-factor model with a time trend as follows:
:L‘zt:uz—f—ﬂzt—f_)\zft—'—ezta Z:1a7N7t:177T (40)

where p; is fixed effect, \; and f; are factor loading and non-Gaussian factor respectively, €; is
normal idiosyncratic error. Without loss of generality, we assume E(f;) = 0, E(¢;;) = 0, and f; and
¢; are mutually independent. The point is whether HFA can estimate f; consistently, especially
under the weak factor models.

We first show that performing the HFA directly on x;; fails to obtain a consistent estimator of
ft, even in a strong factor model. Moreover, if T is large enough, we cannot identify the underlying
factor structure based on the multi-cumulant of z;;. Without any prior knowledge about the non-
stationary of x;;, we will detect two factors by the eigenvalue of C%™. This is because the time
trend can be regarded as a factor with a given finite sample size (N,T). Then the factor model

can be rewritten as
Ty = Bif] + Nifi + €,

where i = v~ T~ 3w, [ = t—=TE with T 3, fr = 0foragiven T, and T~ 3/ (f)? =
(T + 2)(T + 4)/12. With an appropriate size of T, one may regard f; as a strong explanatory

factor as the scree plot shows there are two dominant eigenvalues. Therefore, we can obtain HFA
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estimates of “the two factors” with rotation matrix H = [h;;] such as

]/C\lt ~ hiff + hiafi = —hi (T + 1) /2 + hoat + hao fi,
J?2t & horfi + hoofe = —hot (T + 1) /2 + hoit + hao fe.

The estimated two factors are a linear combination of the underlying factor f; and time trending,
hence the estimator is non-stationary. This indicates the HFA estimator cannot recover f; by
using the non-stationary data z;;. Moreover, when 1" — oo, the eigenvalue provided by £, f; will
dominate the factor structure \;f; + €;;, hence only the time trends can be detected by the GER
test if we based on the original data z;;.

A solution is to conduct HFA on the first-order difference on z;; for each ¢ and thus transforming
them into stationary process. This is also suggested by McCracken & Ng (2016) to deal with the
variables in the FRED-MD dataset, and we follow their proposed transformation rules in our

application. The model in first-differenced form is
Azy = B + NAfi + Aey (41)

fort =2,3,..., T and i =1,2,...,N. If \;; Af; and Ae¢;; satisfies Assumption A-C in the main
paper. Then under mild conditions, the HFA estimator is consistent such that Zﬁ = Afi+o,(1). To
recover f;, we let f, = St Z\fs, we use the following simulation to confirm that f, = f,— fi +0,(1),
which implies ﬁ is uniformly consistent for f; (up to a shift factor fi), see e.g. ?. In addition,
using A f; directly in factor-augmented regression is also common in literature, see e.g. Bai & Ng
(2013), McCracken & Ng (2016).

Numeric evidence of the accuracy of HFA when using first-order differenced data generated by
the model with time trend in (40) is provided in Figure 4. We consider (40) with non-Gaussian
factor f; (m = 0.5,p1 = 1,q1 = oo; skewness = 1.244, ex-kurtosis = 4.920). wu, is normally
distributed. ; ~ N(0,0.01) and p; ~ N(0,0.01). 0;(Gn) = j7%** for j € [N]. The sample size is
set as N = {50,100,300}, T'= {500, 1000}. The factor strength is set as o = {0,0.25,0.5,0.75, 1}.
We study the estimation error of estimated differenced factor Kf . and original factor ﬁ We use the
maximum square error maxtzg,”_,T(E}t — Af)? and maxtzl_,,,T(ﬁ — f+)? to measure the accuracy
of the estimators. Figure 4 provide simulation evidence of the consistency of the HFA estimators
for both Af; and f; in non-stationary data with a time trend. The estimation error decreases as
(N, T) increases for all factor strength «. This result strongly supports that differencing z;; into
stationary before HFA can avoid the effect of the potential time trend in x;.

~ Insert Figure 4 Here ~
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(b) Unit root processes
A second case of non-stationarity is when the factors or (and) idiosyncratic errors are unit
root processes, i.e. I(1) processes. To illustrate this, let us consider an I(1) single-factor model as

follows:
Ty =i + Nife Hew,  fr~1(1), e ~I(1), (42)

where p; is fixed effect. Without loss of generality, we assume A f; and Ae;; satisfies the assumptions

in the main paper. Intuitively, the model (44) in first-differenced form is
AZEZ‘t = )\lAft + AEz‘t. (43)

Notice that Af; and Ae;; are stationary and satisfies the assumptions of HFA in the differenced
model (43). Thus the consistent estimates of Af; can be obtained. However, establishing the
corresponding theoretical properties requires further research, which also includes unit root tests
for latent factors and idiosyncratic errors. We leave it here and take it as a future research topic.
Numeric evidence of the accuracy of HFA when using first-order differenced data generated by the
I(1) model in (44) is provided in Figure 5. Af; and Ae;; are generated as the same in (40). We
still use the maximum square error maxt:zm,;p(ﬁ}t — Af;)? and maXt:27”.7T(ﬁ — f¢)? to measure
the accuracy of the estimators. The estimation error of both A\ft and ]?t decreases as [N increases
for all factor strength «. This result also supports that differencing z;; into stationary before HFA

can avoid the effect of latent unit root process.
~ Insert Figure 5 Here ~

(c) Structural break
A third case of non-stationarity is when the factor process has a structural break at a fixed

point. To illustrate this, let us consider a single-factor model as follows:

Ty =Nfi+ew, 1=1,... N;t=1,...,T,
t t t (14)
Je~p, 1 <t <Ty, and fi~py,To <t <T,

where p; and p, are different non-Gaussian distributions, Ty is the fixed change point. After

®) | TTp (k) | () *) (k)
for T 7Cyp,) = Cy s where Gy and Cj )

are the k-th order multi-cumulant of p; and p,, respectively. If C;’Z is a nonzero constant, the

simple calculation, we can get Cgck) = limT_m(%C

Assumption A (ii) of the main paper is satisfied with a fixed change point Ty, since the break is on
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a small portion and doesn’t contribute to the limit. Under this case, HFA can estimate the factor

consistently as (N, T") — oo.

5. Alternative factor extraction approaches

The proposed HFA complements existing methods for factor extraction such as Principal Com-
ponent Analysis (PCA), Independent Component Analysis (ICA) and Moment Component Anal-
ysis (MCA). We briefly discuss each of them below.

The objective of PCA is to estimate factors and factor loadings through an eigenvalue decom-

position of the covariance (or correlation) matrix. The objective function is as follows

T
Lpca(F,A) = (NT)™! Z e — Afell?,
t=1 (45)

1
t. —=ANA=1j.
S N R

This problem is identical to maximizing tr(A’ X’ X A). The estimated factor loading matrix, denoted
as K[pc 4], 18 VN times the eigenvectors corresponding to the R largest eigenvalues of the N x N
matrix X’X. Given K[PCA}, the factor matrix can be obtained as ﬁ[pCA] = XK[]DCA] /N. As shown
in Remark 4.1 of the main paper, PCA is a special case of HFA when k& = 2. In PCA, we rotate the
covariance matrix of the data and shrink the variance of the data into a very few factors to achieve
dimensionality reduction. Compare to PCA, an intuitive interpretation is that HFA rotation the
co-skewness matrix (or co-kurtosis matrix) of the data and shrink the skewness or kurtosis of the
data into a low number of factors to achieve dimensionality reduction. Since these higher-order
multi-cumulants contain less noise caused by the idiosyncratic errors, we can efficiently extract
factors with weak explanatory power. We can understand this by Figure 1. Figure 1(a) give the
heat map of (~3£2), C? and C%?. One can observe that the heat map structure spanned by the
covariance of common component c¢; is masked by the heat map structure of that of the error
terms e;;, which leads to the structure of ¢;; cannot be observed clearly in the heat map of 6&2).
In contrast, Figure 1(b) shows that the heat map structure spanned by the third-order cumulant
of common component ¢;; can be clearly observed in 69(63)6;3)/ after adding noise e;.

ICA is an improved method of PCA designed to extract independent non-Gaussian factors. A
classic ICA involves two steps: First, PCA is used to obtain the uncorrelated factors. This step
is usually referred to a pre-whitening of the data, and the uncorrelated factors are named pre-
whitened data. Let denote the vector of pre-whitened data z; = [z14, 224, - . -, 2R = V‘l/Qﬁ[pCA],

where V is Rx R eigenvalue matrix of }?’[ pc4), to satisty % ZtT:1 212y = Ir. Second, the pre-whitened
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data are rotated to minimize their statistical dependence through an objective function. Several
objective functions have been proposed to obtain independent factors. A common approach named
FastICA (Hyvérinen & Oja,1997) consists of maximizing the negentropy of the pre-whitened data.

This method finds an R x R orthonormal matrix W to maximize the objective function

Lrast(W) = {E[G(W'z)] — E[G(v)]}?,

(46)
s.t. W/W = IR,

where the function G is a proxy of the negentropy and v is the Gaussian variable. For instance,
using kurtosis to proxy negentropy (G(y) = y*), one then solves for W to obtain the independent
factors ﬁ[ICA] — ZW = ﬁ[PCAﬂ/}_l/ 2W. The corresponding estimated factor loading matrix is
Ay = Apoa VY2 (W)=, Tt is clear that ICA only changes scale (by V=12 and rotates direction
(by ﬁ/\), but the factors are still in the same space spanned by PCA estimators.

Another popular class of ICA method extracts independent factors by performing an eigenvalue
decomposition of the higher-order multi-cumulants of the pre-whitened data. The Joint Approxi-
mate Diagonalization of Eigenmatrices (JADE) proposed by Cardoso & Souloumiac (1993), which
relies on the eigenvalue decomposition of the fourth-order cumulant tensor. This method finds

rotation matrix W to minimize the objective function

Liape(W) = Z (KW ight)*s
iikl£ijkl (47)
s.t. W/W = IR,

where Ky, i1 is the fourth-order multi-cumulant of independent factors W'z, It attempts to
minimize the sum of off-diagonal squared multi-cumulants which should be zero if W'z, are inde-
pendent.

There are two main distinctions between ICA and HFA: First, ICA needs a measure of in-
dependence for estimating the non-Gaussian independent factors. In HFA, the singular values
of the higher-order multi-cumulants of factors are used to measure non-Gaussianity and estimate
the non-Gaussian factors by maximizing the sum of the squared singular values of higher-order
multi-cumulants. Therefore, HFA recovers the non-Gaussian factors without considering minimiz-
ing statistical independence. When non-Gaussian factors are mutually dependent, ICA cannot
estimate the non-Gaussian factors consistently but HFA is still consistent in many cases. Second,
ICA cannot improve the linear space spanned by PCA estimators, just up to rotation and scale.
In contrast, HFA estimators show more efficiency than PCA estimators in estimating factors and

factor loadings.
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MCA (Jondeau et al., 2018) is another novel method to extract the factors which drive the
higher-order co-moments (such as co-skewness and co-kurtosis) structures. It is based on multilin-
ear eigenvalue decomposition of the higher-order co-moments. We describe the joint-MCA which
assumes covariance, co-skewness, and co-kurtosis matrix are driven by the same factors. Denote
MY as the sample k-th-order co-moment of response variables and R,, as the number of MCA

factors. The objective function of MCA is as follows:

4
1~ ~(k _
LaealF,A) = Y7 < IMY — AMP (A20-0) P, "
k=2

st. ANA=

~

Rm7

where M&k) is the k-th-order co-moment tensor spanned by MCA factors. MCA attempts to
estimate the factors driving the higher-order co-moments, but the asymptotic properties of MCA
are unknown.

The Nearest Co-moment (NC) approach proposed by Boudt et al. (2020) estimates the pa-
rameters of a latent factor model by minimizing the distance between the sample moments and

model-based moments. The objective function of NC is as follows:

—~

Lc(0) = (n(0) — 1) W (n(0) — ), (49)

where 0 is the parameter vector of the factor model which contains the factor loadings (A), moments
of factors and errors, 7(#) is the model moments and 7 is the sample moments. Wis a positive
semi-definite weight matrix converging in probability to the positive semi-definite matrix W. The
NC approach consistently estimate the factor loading matrix and the moments of factors and
errors. However, since the dimension of the weight matrix W increase as O(N?), this approach is

not suitable for the high dimensional case.

6. Alternative approach for selecting the number of non-Gaussian factors

6.1. Generalized Growth Ratio estimator

The main paper presents a generalization of the Eigenvalue Ratio estimator of the number
of factors, as introduced by Ahn & Horenstein (2013). The latter also present a growth ratio

estimator. Below we provide its generalization to higher order multi-cumulants. The Generalized
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Growth Ratio (GGR) function we consider is

1H(V(k (r=1)/V®(r)
(V&) (r)/VE (1 + 1))
(14 AN,

_ln(l + Ng\];%“*,r-yl) 7

GGRW(r) =
(50)

T:172a"'7Rmaxa

where V) (r) = Zf\irﬂ ,TZSI\;)TZ and ﬁgl\;gﬁr = ﬁg\]f%ﬂ’l/‘/(k) (r). The term “GGR” refers to the General-
ized Growth Ratio because as discussed in Remark 3.1 below, it can be approximately interpreted
as the growth rate between the two adjacent sums of the residuals. Our proposed GGR estimator
for R is the maximizer of GGR® (r):

ﬁg%R: max GGR®(r). (51)

1<r<Rmax
Remark 6.1.

e For the GGR estimator, we have V¥ (r) > HC e ;’“)HZ (see De Lathauwer et al., 2000),

where C(]c = /A\[T] Cf[r] (A[(f])’ ®...0 Aff} "), are the k-th-order multi-cumulants of the first r
factors and factor loadings estimated by Higher-Order EigenValue Decomposition (De Lath-
auwer et al.,2000). Hence, V¥ (r) can approzimately represent the residuals between 6;’“)(7")

and éék)

e For the mazimum number of non-Gaussian factors Ry.x, Ahn & Horenstein (2013) recom-
mend two possible choices for Ry.x. First, if we have a priori information about a possi-
ble mazimum number of factors, for example Rpriorimaez, we can set Rmax = 2Rpriorimaz-
This choice is suitable for the case where Ryay 1S ﬁ:z:ed Second, consider using a sequence,
s = min( R 02N, where R = #0r | i, 2 TG, /N 2 1) 4

shown in Lemmas 5 and 6, SN 1ﬁg\2/)Tr = Op(N) + O,(RN*™) and NNTr = O,(N'™®)

forr=1,2,... R. Thus, Prob(R

max —

<R)—0as N — 0.

Proof of the consistency of GGR estimator: Under the condition N*/T — 0 as (N,T) — oo
and tr(Gy) = o(N%(lfa)Tﬁ(log N)fﬁ)7 note that V® (R+1) = Zjv le% ﬁg\l,?p] For each part
we have

~(k)
(N —2R— EVTN RS Z NT] > — 2R - 1)M§V2FR+2 (52)
j=R+2

Then (52) implies that B; < VW (R +1) < By. By Lemma 3, B; = (N — 3R — 1)o,(1) = 0,(N),
and By = (N — R — 1)o,(1) = 0,(N). Thus under Assumptions A — D, we have V(R + 1) =
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0p(N) > O,(1). We now show the consistency of the GGR estimator. Using the inequalities

c/(14+¢)<In(l+c¢)<c, ce€(0,00), (53)
we have that " “ “
In(1 + %)) s i,
NT,j NT,j _ NT,j _ Op(l), (54)

~(k)* ~(k)* ~(k)* ~(k
In(1+ MSV)TJ-H) Mgv)T,jH/(l + /v‘gvgr,jﬂ) /ubg\/gﬂjﬂ

forj=1,2,...,R—1,R+1,...,N — R—1. Lemma 5, Lemma 6 and (54) imply that

VO(R+1) V®(R+1) _0,1) (55)
= — — = 0,(1).
V(R =1) G0 5+ i + VO (R +1)
Using (53) and (55), we have that
~(k)x* ~(k)x* ~(k)*
In(1+ Mgv%F,R) >H§V)T7R+1 (1+ IUEV%F,R+1)
~(k)* ~(k)*
In(1+ 77 ) ANT R (56)

~(k
B MEV%‘,R V(R +1) o
_ﬁ(k) V& (R —1)

NT,R+1

Then, the consistency of the GGR estimator follows from (54) and (56).

6.2. Jondeau et al. (2018)’s method
Jondeau et al. (2018) provide a simulation-based approach (JJR method later) to select the

number of common factors that drive the variation in a sequence of cumulants. They use Monte
Carlo simulations to derive the spectral densities of the correlation, co-skewness, and co-kurtosis
tensors under the null hypothesis of independence, for large 7" and fixed N. Then the largest
eigenvalue fiy7 4+ is used as a threshold to determine the number of common factors. That is

EJJR =#{r | intr > finr+} (r=1,2,...,N). We implement their approach as follows:

Step 1 For the dataset X with dimension N and 7', we scale it to obtain normalized dataset Z.
Then z;; is formalized with SGT distribution SGT'(z|7). Following Jondeau et al. (2018),

the distribution parameter 7 is estimated by fitting the average skewness and kurtosis of the
data Z.

Step 2 We generate a series Z; with length NT', Z; i SGT(z|T). We, then conduct joint-

MCA on the simulated dataset Z to obtain the maximum eigenvalue of the joint higher-order

co-moment tensor, denoted as fin7maz-
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Step 3 We repeat Step 2 [ times and obtain the threshold as fiy7 . = [~ 22:1 [ANT i maz -

Step 4 We conduct joint-MCA on the original dataset Z to obtain the sample eigenvalue fiyr,(r =

1,2,...,N), the estimated number of non-Gaussian factors is R]JR = #{r | finT, > finT+}-

We find that the result of the JJR method is not affected by increasing the value of [ above 100.

We, therefore, set [ = 100 in our simulation studies and applications.

7. Computational aspects

It is well known that the dimension of the higher-order multi-cumulant tensor increases expo-
nentially as the number of response series increases. For instance, the number of entries in the
third-order multi-cumulant and fourth-order multi-cumulant of z; are N* and N*. When N is
large, it is impossible to compute the higher-order multi-cumulant directly. HFA does not directly
depend on the higher-order multi-cumulant but on its singular values. As shown in the main paper

Lu et al. (2024), the singular value decomposition of C{¥ € R¥>N*

is equivalent to the teigen-
value decomposition of CHCP e RV, Further, the computation of CPCH® can be connected
with the data matrix X but not C¥). Notice that for the k-th-order sample co-moment matrix

M of X, we have MI'MP” = T-2X7[(X X')°*-1]X. When k = 3, it follows that

~ =~ / o — ]_

CPCY = MM’ = S X((XX') o (X X)X, (57)
where o denotes the Hadamard product. Since Equation (57) only contains the matrix computation,
it is easy for computation and storage with R language. When k = 4, we denote ix = X'X/T and
use the definition of H'” in Remark 4.2 of the main paper Lu et al. (2024). With simple algebra

calculation, we have

COCWw — %X’((XX’) o (XX') o (XX")X + Ny +No + N, (58)

where N} = =3(X'((b+ V) o (XX')X)/T? b = (a,a,...,a) € RT*T a = (ay,a9,...,ar), a; =
> Zj ﬂcithtix,zj fort =1,2,...,T; Ny = 3vec(§z)’vec(§3x)ixix; N = 65,5,%,5,. The main
computation cost is in Nj, the vector a requires a loop for computation. Figure 2 compare the
computation cost between SVD of C¥ and EVD of CC¥" (k = 3,4). The computational cost
of C¥) increases exponentially when N increases, in contrast, CPCH bears only very few cost
even N is large.

~ Insert Figure 2 Here ~
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The gain in accuracy of the HFA for estimating non-Gaussian factors comes at the cost of a
higher (but feasible) computational cost. We document this in Figure 3. Since we fix T" = 500
then increases N from 10 to 200. There is an increased computation time but the increase remains
feasible in practice.

~ Insert Figure 3 Here ~

8. Additional simulations

8.1. Strong and weak non-Gaussian factors

The Monte Carlo simulations in the main paper assume all factors are either strong or weak.
However, an empirical analysis shows that strong factors and weak factors are more likely to exist at
the same time (Brown, 1989; Fama & French, 1993). Therefore, it is necessary to confirm the finite
sample properties of the HFA estimators in a factor model with both strong and weak factors. We
consider DGP1 in the main paper and all factors are non-Gaussian (R = R, = 2). The distribution
of the strong factor is skewed normal (7, = 0.5,p; = 2,1 = o0; skewness = 0.455, ex-kurtosis =
0.151) and the weak factor is distributed as skewed-laplace (1, = 0.5,ps = 1,¢g2 = o00; skewness
= 1.244, ex-kurtosis = 4.920). The corresponding factor loadings satisfies A\; ~ A/(0,2N~'/2) and
Ay ~ N(0,N~1/2). The explanatory power of the first factor is twice that of the second factor.
The serial correlation coefficient of factors d = (0.5,0.2)" and u; draw from normal distribution and
¢ = 0.2. The sample size is set as (N = 100, T = 1000).

First, we evaluate the performance by determining the number of factors. We let 0;(Gxn) = ¢j
for j = 1,2,..., N. Now we control the parameter ¢ to adjust the relatively strength between
factors and errors. To be specific, we set ¢ = 1,2,3,...,10. We compute the eigenvalue ratio
based on the covariance matrix and the third-order multi-cumulant of z; to construct the ER and
GER3 estimator. Figure 6(al) and Figure 6(a2) report the eigenvalue ratio of ER and GER3 and
the estimated number of factors, all results are averaged by 500 simulations. The spike of the
eigenvalue ratio in Figure 6(al) changes when ¢ increases, however, the spike of the eigenvalue
ratio in Figure 6(a2) remains the same. This indicates that the number of factors estimated by the
ER estimator changes from two to one and the weak factor cannot be detected when the variance
of the idiosyncratic errors increases. However, the GER3 estimator can still detect the weak factor.
Figure 6(a3) shows the average number of factors estimated by ER, GR and GER3, we can also
see that the ER and GR estimator can only detect the strong factor but GER3 can detect both
strong and weak factors with c increases, which confirms the illustration in Section 3.2 of Lu et al.
(2024).
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Second, we need to evaluate the performance of the HFA estimators on the estimated strong
and weak factors, respectively. We compute the Trace Ratio for the estimated strong and weak
factors, respectively. We use DGP1 to control a € [0,1]. Figure 6(b1l) and Figure 6(b2) show
the average Trace Ratio of the estimated strong and weak factors and the corresponding factor
loadings, respectively. When « is close to one, namely Onatski (2012)’s weak factor model, the
weak factor and corresponding factor loadings estimated by PCA become inefficient as shown before
by Onatski (2012). In contrast, HFA show better performance on estimating the weak factors and
corresponding factor loadings. In addition, Figure 6(b1) and (b2) show that PCA provides good
performance for the strong factor.

~ Insert Figure 6 Here ~

8.2. Non-Gaussian and Gaussian factors

When there are both Gaussian and non-Gaussian factors, we propose to use a two-step estima-
tion of the number of factors, and an iterative approach for the estimation of the factors in Section
3. In this subsection, we verify the finite sample accuracy of this approach. We consider DGP1
(R = 2) in the main paper and one factor is non-Gaussian while another is Gaussian. wu; is normal
distributed and ¢ = 0.2. The serial correlation coefficient of factors d = (0.5,0.2)". We estimate the
number of non-Gaussian factors by GER3 and estimate the number of Gaussian factors by ER and
GR. The non-Gaussian and Gaussian factors and the corresponding factor loadings are estimated
by the ALS algorithm with R; and R, being known.

As shown in Figure 7, the estimation procedure works well when both non-Gaussian and Gaus-
sian factors exist. Figure 7(a) shows that GER3 can select the number of non-Gaussian factors
Ry, accurately as « € [0, 1], the ER and GR estimators can select the number of Gaussian factors
R, when a < 0.6, these are expected because, as shown in Section 3.2 of Lu et al. (2024), the ER
or GR estimator cannot determine the accurate number of factors when the eigenvalue of G is
large. The estimated non-Gaussian and Gaussian factors and the corresponding factor loadings, as
shown in Figure 7(b), also confirm our theorems. The estimated Gaussian factor cannot hold the
consistency when « is close to one, but it works in a strong factor model.

~ Insert Figure 7 Here ~

8.3. Symmetric non-Gaussian factors

To study the sensitivity of the HFA approach for symmetric factors we consider the simple case
in which, if all the non-Gaussian factors are symmetric and independent, then their third-order

multi-cumulant would be a zero matrix (or ¢§-3) =0 for j =1,2,...,Ry), and further, if all the
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non-Gaussian factors show a ¢ distribution (fourth-order cumulants exist), then 0 < <Z>§»4) < oo for
j=1,2,..., Ry. The number of nonzero eigenvalues of C;k) may be related with the order k.

We use simulation studies to investigate the case where the factors are symmetric. The distri-
bution of the non-Gaussian factors now changes into Laplace distribution (n; = 0,p; = 1, ¢; = o0;
skewness = 0, ex-kurtosis = 3). w,; is a normal distribution and £ = 0.2. The serial correlation
coefficient of factors is d = (0.5,0.2)". The number of factors remains 3 (R = R, = 3). We first
estimate the number of factors R using the GER and GGR estimators, then estimate the factors
and factor loadings. For factor number selection, we consider the GER estimator based on the
third- and fourth-order cumulant, and denote GER3 and GERA4, respectively. For factors and the
factor loadings estimation procedure, we consider the HFA estimators with £ = 3 and k£ = 4 and
denote as HFA3 and HFA4, respectively. When we estimate the factors and factor loadings, we
assume the number of factors R is known. We set the maximum number of factors R, = 10.

Figure 8(a) and Figure 8(b) report the finite sample properties of GER3 and GER4 estimators.
In sample size (N,T) = (100,1000) and (N,T) = (100,2000), we can observe that GER3 are
inconsistent estimators of R. In contrast, GER4 estimators can choose the number of factors
correctly even when « is close to one. When (N, T') = (100, 1000), the GER4 estimator have poor
finite sample properties when o = 1, we need a larger sample size to support the accuracy as
shown in Figure 8(b), this is expected because, as shown in Theorem 1, the statistics based on
kurtosis have bad finite sample properties and need very large observations to obtain high power.
On the other hand, see in Figure 8(c), HFA4 estimators remain consistent for all o, PCA and
HFA3 estimators lose efficiency when « is close to one. It should be noted that we do not need
a very large sample size for HFA4 to estimate factors and factor loadings consistently, therefore,
if we have a priori information on the number of factors in a weak factor model, we can still use
HFA4 to obtain a more efficient estimation than PCA.

~ Insert Figure 8 Here ~

9. Additional application results

This section gives the results of the normality test of the error terms in the main paper and the
measurement of the decay rate of the spectrum of the error terms. We use the distribution-free
normality test proposed by Bai & Ng (2005). Table 1 gives the proportion of rejecting the null
hypothesis in the FRED-MD dataset. After we extracted 1 to 8 factors with HFA3 or HFA4, the
majority of idiosyncratic errors cannot reject the normality test, which provides empirical evidence
for the normality assumption of the main paper.

~ Insert Table 1 Here ~
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Similarly, we measure the decay rate of the spectrum of G after extracting 1 to 8 factors with
HFA3 or HFA4. We fit the eigenvalues by a polynomial decaying curve such that o,;(Gy) = Cpj ™",
where p is what we called “the decay rate of the spectrum”. As shown in Table 2, the decay rate
pis 0.618 ~ 0.812 based on HFA3 approach and 0.753 ~ 0.926 based on HFA3 approach. Even
after extracting 8 factors, the decay rate p is still significantly larger than zero, which effectively
supports the results in the main paper.

~ Insert Table 2 Here ~

Finally, we test the normality of the error terms in the rolling-window analysis. As shown in
Figure 9, the test result is robust. Only 6% of the idiosyncratic errors at most reject the normality
test.

~ Insert Figure 9 Here ~

10. Dampening of non-normality

In this section, we show that e; = G}\{Qut being asymptotically normal according to the Lya-
punov Central Limit Theorem (CLT) under mild assumptions on G%Q. The Lyapunov Central
Limit Theorem in Billingsley (2013) (Theorem 7.3) is as follows:

Theorem 7.3 of Billingsley (2013). Suppose {X1,...,X,} (n — o0) is a sequence of indepen-

dent random variables, each with finite expected value p; and o?. Define

n
2 _ E 2
=1

If for some 6 > 0, Lyapunov’s condition

N
. 1 245
Jim, s 2 Bl -] =0
no=1
is satisfied, then
1 n

- (X — pi) =»a N(0,1).

S
" oi=1

Now we use this theorem to show that when the number of non-zero elements in G}V/Q diverges
to infinity as N — 0o, we have the normality of e;; = Zfil g1iu;; under mild assumptions, where
(911, --,¢1n) is the first row of G%Q. Define D = {i : g1; # 0} and D indicates the index set of
non-zero elements and we assume that b; < \/W |g1i| < by for i € D, where |D] is the number of
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non-zero elements and by, by are universal constants. Define D¢ = {i : g; = 0} and D¢ indicates
the index set of zero elements. We assume DU D = {1,...,N}. Let X;; = g1;u;, then we have
ey = Zfil Xit. Now we need to check whether { Xy, ..., Xy} satisfies the Lyapunov’s condition.
We also assume that {u;}/_, is a stationary sequence (or simply consider i.i.d. u;) for each i such
that Eluy] = 0, E[u?] = 1 and E[Juy|**] < oo, and that {u;}_, are independent across i. We
then have i, = E[Xy] = 0 and 0? = B[X3] = g%, ElIXul***] = |gul** Ellus***] < calguf** by
assuming ¢; < Elf|uy|*T°] < ¢, for some universal positive constants ¢; and ¢y and any § < 2K — 2.
It follows that

N
. 1 2448 : 1 2446
s s D EIX =l = i o b B - ]
i=1 i€D
€2 Zz’eD |91z'|2+5
= 245
N=oo (Zi@)ﬁi) 2
246
< qim 2 e

If |D| (the number of non-zero elements) diverges to infinity as N — oo, the Lyapunov’s condition
is satisfied. On the other hand, the variance of ey, s% = S0 g% = Yep i < b < oo
Overall, we can say ej; is asymptotically normal distributed. This argument is analogous for ej,
j=1,...,N.

11. Implementation in the R package hofa

The main functions of HFA in the package hofa are M3.select, M4.select, M3.als and M4.als.
The functions M3.select and M4.select provide Generalized Eigenvalue Ratio (GER) test for
determining the number of non-Gaussian and Gaussian factors, and the function M3.als and
M4.als implement the Alternating Least Square (ALS) algorithm to estimate the factors and
factor loadings in Higher-order multi-cumulant factor analysis.

Installing and loading the package from GitHub are achieved by

> devtools::install_github("GuanglinHuang/hofa")
> library("hofa")

The function M3.select (also for M4.select) takes as arguments the 7" x N dataset of T ob-
servations of the N-variate variable X. Optional arguments include, a logical parameter scale,
whether the dataset need to be normalized (default of FALSE), the maximum number of factors
rmax (default of 8), and the method be used: "GER3", Generalized Eigenvalue Ratio test based
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on third-order cumulant; "GGR3", Generalized Growth Ratio test based on third-order cumulant
"JJR", Jondeau et al. (2018)’s threshold approach. The documentation of the M3.sel function can
be loaded by

> 7M3.sel

We use the edhec dataset, which contains monthly returns returns on the Convertible Arbitrage
and CTA global EDHEC hedge fund style indices over the period January 1997 until November
2019, to illustrate this function.

> data(edhec)

> data = edhec[, 1:13]*100

> fn_ger3 <- M3.select(data, method = "GER3")

> fn_gerd <- M4.select(data, method = "GER4")

> fn_er <- M2.select(data, method = "ER")

> names (fn_ger3)

(1] "Rr" "Rh" "Rg" "eigenvalues"

> names (fn_ger4)
[1] "R" "Rh" "Rg" "eigenvalues"
> names(fn_er)

[1] "R" "eigenvalues"

The approach "GER3" and "GER4" return the estimated number of non-Gaussian (Ry), Gaussian
factors (R,), all factors (R = Ry, + R,) and the eigenvalues of the higher-order multi-cumulant.
The approach "ER" reports the estimated total number of factors (R) and the eigenvalues of the

covariance matrix. The results of those approaches are as follows

> fn_ger33$R
[1] 3
> fn_ger33$Rh
(11 1
> fn_ger33$Rg
[1] 2
> fn_ger43$R
[1] 4
> fn_ger4$Rh
[1] 2
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> fn_gerd$Rg
(1] 2

> fn_er$R
(11 1

For example, the estimated number of non-Gaussian factors ﬁh is one by GER3 and two by GERA4,
the estimated number of Gaussian factors Eg is two by both ER and GR criterions. The estimated
number of factors R are 3,4 and 1 by GER3, GER4 and ER, respectively.

The function M3.als (also for M4.als) estimates the factor loadings and factors by giving Rh, Rg
and the T' x N dataset of X. As explained and demonstrated in the main paper, given consistent
estimates of the number of non-Gaussian factors R, and Gaussian factors R,, we can estimate
the factors and factor loadings consistently. Therefore, without a priori information of the factor
number, the results of the M3.select or M4.select function can be used. Optional arguments of
M3.als include (i) a logical parameter scale, whether the dataset need to be normalized (default
of FALSE) and (ii) the the iteration error eps (default to 107%).

Continuing with the example of the edhec dataset. By setting rh = 2 and rg = 2, we can

estimate the factors and the factor loadings as follows

> est_hfa3
> est_hfad

M3.als(data, rh
M4.als(data, rh
> names (est_hfa3)
(1] "f" "u" "e" ev"
> round(head(est_hfa3$f),2)
[,11 [,21 [,3]1 [,4]
[1,] 1.88 -0.68 -1.77 -1.20
[2,] -0.01 -1.06 -0.59 -1.53
(3,] -1.81 -1.10 0.83 -0.73
[4,] 0.37 0.07 0.33 0.09
[6,] 2.44 0.32 -0.48 0.74
[6,] 1.55 -0.73 -0.48 -0.81
> round(head(est_hfa4$f),2)
(11 [,21 [,3]1 [,4]
[1,] 1.94 -0.61 -1.79 -1.10
[2,] -0.01 -0.99 -0.73 -1.47
[3,] -1.88 -1.00 0.66 -0.87
[4,] 0.38 0.02 0.38 0.08

2)
2)

I
N
H

09

I

I
N
-

(0]

I
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[5,] 2.45 0.28 -0.36 0.72
[6,] 1.55 -0.67 -0.52 -0.85

The first rh columns are the estimated non-Gaussian factors and the remaining rg columns are the
estimated Gaussian factors. Ignore the signs of the factors, the results are different between HFA3

and HFA4. Moreover, the factors are different when Principal Component Analysis (PCA) is used

> est_pca = M2.pca(data,r = 4, method = "PCA")
> round(head(est_pca$f),2)
(11 [,21 [,3]1 [,4]
[1,] 2.08 -1.79 -0.57 0.92
[2,] -0.10 -1.74 0.13 0.87
[3,] -2.09 -0.83 0.81 0.01
[4,] 0.32 0.27 0.36 0.11
[6,] 2.57 0.37 -0.03 -0.40
[6,] 1.49 -1.12 0.40 0.43
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(A) Covariance of Common Components (B) Covariance of Errors

(C) Covariance of X

(a) The heat map structure based on covariance matrix

(A) M3M3' of Common Components (B) M3M3' of Errors (C) M3M3' of X

IOG

(b) The heat map structure based on third-order multi-cumulant

Figure 1: The heat map of the covariance matrix and third-order multi-cumulant of ¢;, e; and x;

Note: This figure reports the elements in covariance matrix and third-order multi-cumulant of ¢;;, e;; and z;;. The
DGP follows the DGP1 in the main paper and the sample size is (N,T) = (300,500) and « = 1.
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2001

20
o @150 1
-, &,
o SVD(T=500) o
w L] 100
Pt —— EVD(T=500) o
g £
= - = A =
= SVD(T=1000) =

EVD(T=1000) 501
'_,_!.
0- B =~ . 0d —_—
50 100 150 200 25 50 75 100
N N

Figure 2: Computational cost of singular values of higher-order multi-cumulant

Note: This Figure reports the computation cost of singular value decomposition of higher-order multi-cumulant.
SVD denotes compute the singular value decomposition on 05(53)(0554)) directly, EVD denotes compute eigenvalue
decomposition on 6;3)(5;3)’((3&4)@&4)’). We have 10 replications.
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Figure 3: Computational cost of HFA3, HFA4 and PCA

Note: This Figure reports the computation cost of singular value decomposition of HFA3, HFA4 and PCA. H-
FA3 denotes compute eigenvalue decomposition on Cgf)Cch)’ , HFA4 denotes compute eigenvalue decomposition on
C§E4)C§E4)’ , and PCA denotes compute eigenvalue decomposition on C§,32). We have 10 replications.
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Note: This Figure reports the maximum square error of the HFA estimation with the non-stationary data which
has a time trend, see in (40). Figure (a) reports the maximum square error between &}“t and Af;, where A\ft is
estimated by HFA using the first order differenced data. Figure (b) reports the maximum square error between f;
and f;. The estimated factor ﬁ is recovered by the cumulative sum of the estimated differenced factor &}"t. We

have 2000 replications.
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(a) The finite sample properties of estimated differenced factor A\ft
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(b) The finite sample properties of estimated factor fi

Figure 4: Accuracy of HFA factors with a time trend
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(b) The finite sample properties of estimated factor ﬁ

Figure 5: Accuracy of HFA factors with I(1) factor and I(1) idiosyncratic errors

Note: This Figure reports the maximum square error of the HFA estimation with the non-stationary data which
both f; and e;; are I(1) process, see in (44). Figure (a) reports the maximum square error between A}t and Afy,
where E}t is estimated by HFA using the first order differenced data. Figure (b) reports the maximum square error
between ft and f;. The estimated factor ﬁ is recovered by the cumulative sum of the estimated differenced factor
&?t. We have 2000 replications.
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(a1) Eigenvalue ratio of ER (a2) Eigenvalue ratio of GER3 (a3) Estimated number of factors
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(b) The finite sample properties of estimated factors and loadings

Figure 6: Accuracy of HFA and PCA when both strong and weak factors existing

Note: This figure reports the finite sample properties of HFA and PCA in a two-factor model with one strong
factor and one weak factor. Both of two factors are non-Gaussian. We follow the DGP1 in the main paper and the
sample size is (N, T) = (100, 1000). Figure (al) and (a2) show the average eigenvalue ratio of ER (GR) and GER3
estimators based on 500 simulations, Figure (a3) shows the average number of factors estimated by ER (GR) and
GER3 estimators, where ¢ controls the eigenvalues of the idiosyncratic errors. Figure (bl) and Figure (b2) show
the Trace Ratio of the estimated factors loadings and factors, respectively.
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(a) Estimated number of factors (b) Estimated factors
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Figure 7: Accuracy of HFA estimators when both non-Gaussian and Gaussian factors existing

Note: This figure reports the finite sample properties of HFA estimators with both non-Gaussian and Gaussian
factors existing. We follow the DGP1 in the main paper with one non-Gaussian factor and one Gaussian factor.
Figure (a) show the proportion of selecting the number of non-Gaussian (Ry) and Gaussian (R,) factors correctly
by GER3 (GGR3) and ER (GR), respectively. Figure (b) shows the average Trace Ratio of non-Gaussian (F},) and
Gaussian (F}) factors and the corresponding factor loadings (Aj and A,) estimated by ALS algorithm. The sample
size is (N, T) = (300, 500) and we have 500 replications.

Table 1: The normality test of the idiosyncratic errors in FRED-MD dataset

family-wise error rate = 10% family-wise error rate = 5% family-wise error rate = 1%

Normality Asymmetric Fat-tailed Normality Asymmetric Fat-tailed Normality Asymmetric Fat-tailed

Panel A: HFA3 approach

r=1 1.61 0.00 2.42 0.81 0.00 1.61 0.00 0.00 0.00
r=2 3.23 0.00 1.61 2.42 0.00 0.81 0.00 0.00 0.00
r=3 2.42 0.00 2.42 1.61 0.00 0.81 0.00 0.00 0.00
r=4 3.23 0.00 2.42 2.42 0.00 1.61 1.61 0.00 0.81
r=>5 3.23 0.00 2.42 2.42 0.00 1.61 1.61 0.00 0.81
r==6 3.23 0.00 2.42 2.42 0.00 1.61 0.81 0.00 1.61
r=17 3.23 0.00 3.23 2.42 0.00 1.61 1.61 0.00 1.61
r=38 6.45 0.00 3.23 4.84 0.00 2.42 0.81 0.00 2.42
Panel B: HFA4 approach
r=1 1.61 0.00 3.23 0.81 0.00 1.61 0.00 0.00 0.00
r=2 2.42 0.00 1.61 0.81 0.00 0.81 0.00 0.00 0.00
r=3 3.23 0.00 2.42 1.61 0.00 1.61 0.00 0.00 0.00
r=4 1.61 0.00 2.42 1.61 0.00 1.61 0.00 0.00 0.00
r=25 4.03 0.00 2.42 3.23 0.00 1.61 1.61 0.00 1.61
r==6 3.23 0.00 2.42 3.23 0.00 1.61 1.61 0.00 1.61
r=717 4.03 0.00 3.23 4.03 0.00 2.42 2.42 0.00 2.42
r=2_8 4.03 0.81 3.23 3.23 0.00 2.42 2.42 0.00 2.42

Note: This table reports the normality test of idiosyncratic errors of the FRED-MD dataset after extracting several
factors by HFA3 or HFA4 approach, respectively. r indicates the number of HFA components have been remove
before the test. The numbers in the table represent the proportion(%) of rejecting the null hypothesis to the total
(N = 124). “Asymmetric” and “Fat-tailed” represent the test of the third-order moment and the fourth-order
moment, respectively.
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(a1) Estimated factor number(N = 100,T = 1000) (a2) Estimated factor number(N = 100,T = 2000)
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(a) Accuracy of estimated factor number
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(b) Accuracy of estimated factors and loadings (N = 100, T = 1000)

Figure 8: Accuracy of HFA estimators with symmetric factors

Note: This figure reports the finite sample properties of HFA estimators with symmetric non-Gaussian factors.
Figure (al) and (a2) show the proportion of selecting the number of factors correctly by GER3 and GER4, Figure
(b) shows the average Trace Ratio of factors and factor loadings estimated by HFA3, HFA4 and PCA. We have 500

replications.
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Table 2: Measurement of the decay rate of the spectrum of the error terms in the FRED-MD

dataset

HFA3 HFA4
r=1 0.812 0.926
r=2 0.738 0.924
r=3 0.674 0.910
r=4 0.664 0.829
r=25 0.634 0.826
r=6 0.638 0.826
r=7 0.634 0.826
r==8 0.618 0.753

Note: This table reports the decay rate p in the FRED-MD dataset after extracting several factors by HFA3 or
HFA4 approach, respectively. r indicates the number of HFA components have been remove. p is fitted by the
polynomial decaying function o;(Gn) = Coj .
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Figure 9: Rolling-window normality test of the idiosyncratic errors

Note: This figure reports the normality test of idiosyncratic errors of the FRED-MD dataset after extracting four
factors by HFA3 or HFA4 approach, respectively. The points in the figure represent the proportion(%) of rejecting
the null hypothesis to the total (N = 124). Shaded regions indicate the three largest drawdown periods of the S&P
500 during the out-of-sample period.
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