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1 Introduction

Accurate estimation of the covariation between asset returns is indispensable in various areas in finance such as
asset pricing, portfolio optimization, and risk management (Duffie and Pan (1997); Jagannathan and Ma (2003)).
The advent of common availability of high-frequency asset price data has spurred the development of methods for
the ex post estimation of the covariation over a fixed time interval such as a trading day. A seminal contribution
in this field is Barndorff-Nielsen and Shephard (2004) introducing the asymptotic distribution theory of realized
covariance estimators. When using ultra high-frequency transaction data, the standard realized covariance
estimator may no longer be a reliable estimator of the covariation of asset returns due to the non-synchronous
trading of assets and microstructure noise. An abundant literature in financial econometrics has addressed this
issue by developing alternative methods for computing realized covariances using the vector of high-frequency
stock prices as input (see, e.g., Ait-Sahalia et al. (2010), Christensen et al. (2010), Hayashi and Yoshida (2005),
Ait-Sahalia et al. (2010), Zhang (2011), Mancini and Gobbi (2012), Boudt et al. (2017) and Bollerslev et al.
(2020), among others).

We make further progress by including exchange traded funds (ETFs) price information when estimating the
realized covariance of the assets included in the ETF. The rationale for doing so is that, for popular ETFs like
the SPY and XLF tracking the (financial firms in the) S&P 500, high-frequency ETF prices are today observed
at a higher frequency than the stock prices of most of the ETF components. The joint observation of the ETF
price and the price of one stock thus carries information about the return covariation of that stock and all other
stocks. To capture that information, we study a new integrated quantity called the stock-ETF beta, defined as
the continuous part of the quadratic covariation between the efficient price of a given stock and the weighted
average efficient price of all stocks included in the ETF.

We describe three ways to estimate the stock-ETF beta. The first one is the covariance-implied stock-ETF
beta. It is an integrated version of functions of the spot covariance matrix estimate associated to a realized
covariance matrix estimator of the price vector of all stocks included in the ETF. The second one is the pairwise
realized stock-ETF beta corresponding to an estimate obtained using the synchronized series of stock prices
and ETF prices. The third one is to use expert opinion regarding the stock-ETF beta for each asset. Due
to difficulties of estimating a covariance matrix using high-frequency prices, we expect that the latter two
approaches are more accurate. This insight leads us to develop an estimation framework aiming at improving
the initial realized covariance estimator based on the observed difference between its implied stock-ETF beta
and a target stock-ETF beta obtained using pairwise estimation or expert opinion. The proposed framework is
called Beta Adjusted Covariance (BAC) estimation.

Under the BAC framework, we refer to the realized covariance computed from stock prices only as the pre-
estimator, while the pairwise or expert opinion based stock-ETF beta estimate is the target beta. The latter is

the oracle beta when it is free of estimation error. We propose to adjust the pre-estimator such that its implied



stock-ETF beta equals the target beta under the criterion of minimizing the distance between the adjusted
estimator and the pre-estimator.

The pre-estimator used in our analysis is the one proposed by Hayashi and Yoshida (2005) which remains
consistent and unbiased when using high-frequency prices of transactions of assets occurring asynchronously.
We refer to it as the HY estimator and use its localized version (see e.g. Christensen et al. (2013)) to estimate
the stock-ETF beta. Our choice is motivated by the efficiency results as obtained in Jacod and Rosenbaum
(2013), and later extended by Li et al. (2019). However, the results obtained in the latter references cannot
be applied to our situation mainly because our parameter of interest is a random transformation of the spot
volatility. Thus, to our knowledge, the asymptotic distribution results presented in this paper are new within
the theory of estimation of volatility functionals. We also propose a modification to the HY and BAC estimator
such that they remains accurate estimators of the integrated covariance in the presence of price jumps and
microstructure noise.

We conduct a Monte Carlo study to evaluate the accuracy gains (in terms of mean squared error) when the
pre-estimator is the traditional realized covariance, the two-time scale estimator proposed by Zhang (2011) or
the Hayashi and Yoshida (2005) estimator. We find that the accuracy gains are over 50% in the case in which
the oracle beta is used as target, and remain economically significant when the target beta is estimated using
the ETF and the stock log-price series.

We apply the BAC estimator to the Trades and Quotes millisecond transaction data of stocks included in
the S&P 500 Financial Select Sector SPDR, Fund with ticker XLF. Qur sample runs from Jan 1, 2018 to Dec 31,
2019. For our sample, only seven out of the around 67 XLF components have a higher number of observations
than the ETF. We study the performance gains of the BAC adjustment to the pre-estimator for constructing
index tracking portfolios for the XLF using different subsets of its components. We find that, for the vast
majority of cases, the next day’s realized tracking error is lower when the portfolio is optimized using the BAC

adjusted estimator than when using the HY pre-estimator itself.

2 Notation, model and the pre-estimator

2.1 Model and parameters of interest

We consider d assets. Their underlying d-dimensional process of log-prices X; is defined on some filtered

probability space (Q, F, (F;),P) and is supposed to be a continuous It6’s semimartingale, i.e.,

t t
Xt:Xo+/ peds + [ oudBe, 20, 1)
0 0



in which p is predictable and cadlag (or caglad) and B is a d’-dimensional standard Brownian motion. We will

also use the notation X = oo’ for the spot covariation, and we write

t t
A, = / pods, M, = / 0udBs, > 0. 2)
0 0

Additionally, o is assumed to be a d x d’ matrix-valued It6’s semimartingale, i.e., for k =1,...,d,l=1,...,d,

it holds that
of! =af! / lds+z / gkmapr (3)

/ / (8, 2)1)jp(s,2) <1 (N — A)(dsdz) + / / (8, 2)1p(s,2)|>11V (dsdz),

where [ and & are predictable and cadlag (or caglad), ¢ is predictable and N is a Poisson random measure with
compensator \(dsdz) = dsv(dz) for some o-finite measure v defined in a Polish space E. Moreover, there is a
localizing sequence (Tn)n>1 of stopping times as well as a deterministic sequence of non-negative functions I,

such that [, I},(2)?*v(dz) < oo, and for all (w,t, 2)
llp(w,t,2)|| A1 < Ih(2), whenever t < 7,(w).
For every [ = 1,...,d, we denote the set of n; observation times of the [-th log-price contained in X; by
Tl:{ozt6<-~<tlm§1}. (4)

Within this framework, we write

The object of interest is the integrated covariance matrix of the process X; over the interval [0, 1]:

0= /0 1 Yyds. (6)

In order to estimate ©, we consider an ETF that is invested in each of those d assets with the following

time-varying amounts invested per share of the ETF:
a; = (al,...,ad). (7)

The process a; is assumed to be a cadlag step function. The corresponding log-transformed Net Asset Value



(NAV) is equal to the natural logarithm of the weighted sum of the component prices of the ETF:

d

Yy = log (Z a; exp(Xf)) : 8)
k=1

Throughout the paper, we define the stock-ETF beta associated to the I-th asset, further denoted as 3!, as

the continuous part of the quadratic covariation between X! and exp(Y*). It follows from Tt6’s lemma that

equals
d 1
B =3 [ utstias )
k=170

where

w' = al exp(X1). (10)

s =

2.2 The pre-estimator and its implied stock-ETF beta

For every 0 < t < 1, we denote by X} a pre-estimator for the integrated covariance matrix fot Ysds.* Based
on this pre-estimator, we now introduce the implied estimators b)) fl and Bl for the spot covariation X; and the
stock-ETF beta !, respectively. We use a local estimation window of k, € N observations in order to define
the following pre-estimator for the spot covariance:
kel ne (ki —kl
Es :?<Es+kn/n_25)? (11)
n
for s € (0,1—ky,/n], while for 1—k, /n < s <1, i’fl = ﬁ'ﬁkn/n In Section 4 we provide a detailed description of
the asymptotic properties of Y, in the case in which X is as in Hayashi and Yoshida (2005). The corresponding

implied estimator for 4! (see equation (9)) is given as

2l E o Pilk kE 4k
B=> > wie S (b, — ). (12)
k=1m=1
With the aim to improve the accuracy of the the pre-estimator X of ©, we consider a d x d adjustment process

A, and we define

d
7l k ( Sl (k k lk >

= X ty —t - A . 1
BA Z wtk7 tfn—l(m m—l) tﬁm—l ( 3)
It will be useful to rewrite (13) using matrix notation. For this, we first gather all spot covariation adjustments
into the following vector

5= (5" s g s sy (14)

“In the remainder of the paper, we will omit the subscript when ¢ = 1 and similar for other quantities of interest that we define.



where 0% = (Ai’,ﬁ, ey Ai’,f ). Furthermore, using the notation 0/, := (0,...,0) for m € N, we let W be a
0 np—1 N——

m
d X dn matrix whose i¢th row is given by

Wi = (0/(1._1)”,11/, O’(d_i)n),
in which w is an element of R™ satisfying that

!/
o 1/ i/ d/
w—(w s w! o w ,

J J
e W
0 njfl

with w? = (w ). Under the preceding notation, equation (13) reads as

B—Ba=Ws. (15)

From Equation (13) it follows that the corresponding estimator of © is:

SR, (16)
in which A" = Sk, Aféﬂ_l. Observe that

vec(A') = AS, (17)
where

. —1 . j
A=Vl Lol=G=Dn+3 e+ 1. (= Dn+ 35 mg
0, otherwise,

forl=1,...,dnand 7,5 = 1,...,d. Finally, it is natural to restrict the adjustment matrices to be symmetric,

namely A = A'. The latter can be achieved by requiring that

Q0 := 0(g—1)q/2

in which Q is a @ X dn dimensional matrix defined for [ =1,...,dn and for i, =1,...,d with ¢ > 7, as

L l=n(-1)+>0 ne+1,...,n0—1)+ 3k ng;

(=2)i-1) | . - : '
Q =2 =41, l=n(i—1)+ 0 e+ 1, n(i— 1) + S0 s

0, otherwise.

In Appendix 10.1, we illustrate how the use of ) guarantees symmetry on A.



3 Definition of the BAC estimator

The adjustment vector § can be calibrated in various ways. The central idea of this paper is that in many cases
there is an accurate estimate available for the stock-ETF beta. We call it the target beta and denote this by
Be. It may be an estimate provided by financial analysts or an accurate estimator based on the availability of
ETF price data.
Formally, we seek to find an optimal adjustment process A that satisfies the condition 35 = B,. The latter,
according to (15), implies that
B — Be=WS.

Among the infinite number of possibilities for d, we look for the smallest weighted adjustment:

Note that the factor ny is added to adjust for trading frequencies with lower number of observations. Moreover,
as discussed above, in order to account for symmetry, it must hold that Q3§ = 0(q_1)q/2- Thus, the adjustment

§ is chosen in such a way that

A Wé = B — Bes
§ = argmin §' P§, s.t. (18)
b Q3 = 0(a—1)d/2;
in which
P =diag | n1ly,,...,nid5 ... ,ngly,, |, (19)
xd

where we have let 1,, :== (1,...,1), m € N.
——

m
Before presenting the solution to (18) (which is derived in Appendix 10.2) we introduce more notation. From
now on W and Q will denote two matrices with dimensions d x d? and d? x d?, respectively. Moreover, the kth

row of W satisfies that

1 & 1 &
k / 1 d
W= <O(k1)d’ " let}n_l’ o Z_: wt;in_170(dk)d> ; (20)
while the rows of Q are defined for 7,5 =1,...,d as
/ / / / ep - ..
QUi _ (O(ifl)d+jfl’ 1’O(dfi+1)dfj) + <O(jfl)d+i71’ -1, O(dfjJrl)dfi) if i # j; 1)

2 otherwise.



Using the notation introduced above, we have that the solution to the minimum adjustment optimization

problem in (18) fulfils that

vec(A) = Ad = L <B - 5,) , (22)
where 1
d_ Sk (wkk )2 o\
B 1 _y m=1\"¢k W ow
L= <Id2 - 29) W' | Ip ; - - . (23)

Definition 1. Given a pre-estimator X with corresponding stock-ETF beta 5 and associated minimum adjust-

ment projection matriz L, the BAC estimator with target beta Be is

B

AC :f_zBAC (24)

)

3
with
vec(A”") = L(B - B.). (25)

In the upcoming sections, we describe the asymptotic properties of the proposed estimator within the

framework of Hayashi and Yoshida (2005). Their estimator is given by

—kl
=30 A XA X 0tV t)Lknnsg 0t <1, (26)
,J
where we have let
IF=F %], i=1,.. g k=1,....,d (27)

and
Ai,kX:th_th , iZl,...,nk,k:1,...,d.

1—1

4 Properties

In this part, we provide the asymptotic distribution of the stock-ETF beta associated to the HY pre-estimator.
We would like to emphasize that Theorem 1 below is a simple consequence of our more general result regarding
the asymptotic distribution of estimators for fol H,X¥ds constructed via (26). Note that in our framework, H is
allowed to be a stochastic process. Thus, the parameter of interest can be seen as a random (linear) functional
of the spot volatility. Note that to our knowledge, none of the results available in the literature (see Jacod
and Rosenbaum (2013), Li et al. (2019) and references therein) can be applied to our situation. Therefore,
our general result (which is presented in Appendix 11) adds a new way to estimate random functionals of the

volatility under the presence of non-synchronized observations.  We recall to the reader that a sequence of



random vectors (£,)p>1 on (2, F,P) is said to converge stably in law towards £ (in symbols &, 54 €), which is
defined on an extension of (92, F,P), say (Q,f' ) I@’), if for every continuous and bounded function f and any
bounded random variable x it holds that

E(f(&n)x) = E(f(E)x),

where E denotes expectation w.r.t. P.

Assumption 1. For k = 1,...,d, the process X* is observed at times tf = %, 1 =0,1,...,n;. Moreover,

ng — 00 and
——>1 n—an

Theorem 1. Assume that X is given by (1) and let Assumption 1 holds. If k2 /n — 0, then as n — oo
Vi (B—8) = MN (0,9),

where

1 1
v :/ Zs(w;ESwg)ds—i—/ [(Zsws) (Zsws)'] ds.
0 0
Proposition 1. Letting Be = 3, it follows that, under the assumptions of Theorem 1, as n — oo

Vnvec (ZBAC) ¢ MN (0, Lo W), (28)

1 7 7\ L
L (Idz - Q> <Id2 (/ w;wsds> - W") (29)
0

and Wy, is given by rows
1 1
{Weoli = <0’Z > /0 w;ds,...,/o wglds,()'(di)d>. (30)

Remark 1. Assumption 1 can be replaced by the weaker condition

where Lo 18

@—>(9k€(0 1]
n

In this situation, the statement of Theorem 1 still holds when we subtitute U by the matriz

d

1
~ 2l / / ! / ! ! ! !
GrU — Z {/ wkwls,yklc N Ejk Sél ds / wkwls,ykl Ik Efl Sfl}ds,
0 0
k,l



with A KU S 0 depending only on (0)p=1...a for k, LK I'=1,...,d.

We now construct an estimator for W. To do this, note that since for ¥/,I’ = 1,...,d we have

d
17! o - / !
T =3 {/lk ; Eflwaflwids—i—/lk ., SRRk sl wé}ds,
N n
m P m p

kl m.p

a feasible estimator for ¥* is given by

d
NI ~ 117 A A / ~ 77/
\I/kl = E E Ekkl wkk Ekkl wlz ds + Ekkk wkk Elf wll ds (31)
il Ik m[[ tmfl tmfl tmfl tpfl Ik m[[ tmfl tmfl tpfl tpfl ’
m,p ¥ 4m' Yp m! Up
where Efkl is asin (11) and
m—1
k'l ) okl skl
Et - {Zt+kn/n,_2t }v 0<t<1,

in which ¥ is defined as in (26).

Proposition 2. Assume that X is given by (1) and let Assumption 1 holds. If ky, — oo and k,/n — 0, then as

n — o0

\ijk/l/ E) qlk/l/

5 BAC estimation in case of microstructure noise and jumps

The consistency and asymptotic normality result for the BAC adjustment matrix in (18) assumes that prices
are generated by the Brownian semimartingale process in (1)-(3). In practice, real-world prices are also affected
by price jumps and microstructure noise. In this setting, the BAC adjustment can be expected to still reduce
the mean squared error of the covariance estimate when an accurate target beta is used. We propose here some
bias adjustments in the BAC formula in order to take into account the effect of microstructure noise and jumps
on the pre-estimator and the component weights. The adjustment depends on the pre-estimator.

We first present the solution when the original Hayashi and Yoshida (2005) pre-estimator is used, which is
robust neither to jumps nor to microstructure noise. We then discuss the case in which a noise and jump robust

pre-estimator is used.

5.1 Adjustments when using the Hayashi and Yoshida (2005) pre-estimator
5.1.1 The case of microstructure noise and no price jumps

Consider first the case in which the observed price may deviate from the efficient price leading to a microstructure

noise term (see e.g., Zhang et al., 2005; Hansen and Lunde, 2006). We then denote the observed prices by

10



Xk =Xk 4+ ¢k

When the HY estimator is used as pre-estimator, the BAC estimator needs to be adjusted to correct for
the bias in the pre-estimator, as shown in Zhang et al. (2005). To do so, we assume the noise terms to have
zero mean and constant variance. We also assume them to be uncorrelated either with each other or with the

efficient price.
. 2 .
Assumption 2. E (¢/)" = of with ECf, = E [¢ji¢h] =E [¢hX}] =E[¢f.X[] =0 for all k #1.

Under Assumption 2, the bias in the HY-implied beta for stock i equals its microstructure noise variance

multiplied by two times the number of observations. The bias corrected beta is then:

3 —2dg (u-](nlag, o ,ndag)) , (32)

where w is the vector of averages of observed weights for all assets corrected for noise bias, defined as

-1 -1
RS o 1 <~ o¢
0= |— v | 1+ — ceey— Vg | 1+ —
v m;“’tz BT P A S

The bias correction is obtained using a second order Taylor series expansion for noise contaminated weights,
namely @f = af exp(X}F + ¢F) ~ wF(1 + ¢ + (¢F)?/2). The same correction is needed for the weights in the

projection matrix:
—1

- , d Z:L:kl (wkk )2 W ow’
i_ <1_Q> 7 e DO U1U6 I (33)
2 =t e (1+20%) 2

where the rows of W are given by

_ , >ty u~)t121 Ué - >ty @gi ag ! .
Wk: O(k}—l)d77 1+? gy T 1+? 70(d—k)d

ni Nq

In the simulation study and in the empirical application, we estimate the noise variance vector o¢ as in Zhang

et al. (2005):

0, (34)

— ~kk
where & is the tick-by-tick realized variance for agset kK and X  is the two-time scale estimator of the integrated

variance using a combination of K and J step apart returns, with K = 30 and J = 1.

11



5.1.2 The case of microstructure noise and jumps

When using the Hayashi and Yoshida (2005) approach, the BAC estimator needs also adjustment in case of
price jumps. To formalize this, we first generalize the price process in (1) by including jumps as in Hounyo
(2017)

XF=Xxk+ /Ot plds + /Ot ofdB.+JF, JF =) AXE, (35)

s<t
where the jump of X at time s is denoted by AX, = Xy — X, Xs— = limy, <5 Xy, and other definitions
are the same as in (1). As our beta adjustment approach by its nature is multivariate, a multivariate filter is
needed. As proposed in Mancini (2009), we detect the price changes affected by jumps by comparing them with

a multiple k of an estimate of the local variance,

Fio =0t st (X = X ) > s + 206, (36)
7

where sﬁ, is a jump robust estimate of the quadratic variation of of X; on the interval (tf_l; tf] We join intervals

where jumps are detected to filter them out accordingly as
F=JF, (37)
k

removing the returns computed on an interval for which a jump has been detected in any of the d pricest. We

then filter away the jumps from the HY pre-estimator in (26) as follows:

7kl ~ ~ ~ ~
T — Zi,j(Xt"% - X@il)(thé - thé;l

)1[t§._1,t§.]m[tk

1—17

tFINF#£0

(38)

1—1

1=, ((min(tF, ) — max(tf_|, té’—l))l[té_l,té}ﬂ[t’? tﬂmF;ﬁo'

In the simulation and empirical application we set the threshold parameter x to 25, which is sufficiently high
to distinguish between the jumps and Brownian motion driven price fluctuations as in Corsi et al. (2010) and

Boudt et al. (2011).

5.2 Other pre-estimators

In the presence of jumps, we always recommend filtering out the jumps from the pre-estimator using the jump
detection rule in (36)-(38). This multivariate filter aligns the jump detection used for the multivariate covariance
estimation and the pairwise beta estimation used as target in the BAC estimator.

In the presence of microstructure noise, the pre-estimator does not necessarily need to be adjusted. The BAC

adjustment in (22) may remain useful for non-robust pre-estimators provided that the target beta is accurately

In the simulation study and empirical application, we estimate the local variance as in (11) using MedRV of Andersen et al.

(2012) as an auxiliary estimator for X'; ', owing to its computational simplicity and robustness to zero returns and price jumps.

12



calibrated. The BAC adjustment can then be expected to reduce the bias due to noise. We illustrate this in
the simulation setting when the realized covariance matrix is used as pre-estimator.

When the pre-estimator is robust to microstructure noise, we recommend using (22) with projection matrix
as in (33) where the average weights are corrected for the noise. We illustrate this in the simulation study for

the two-time scale estimator of Zhang (2011).

6 Estimation of target beta

The theoretical results in Section 4 assume the oracle situation in which the target beta (f8.) equals the true
beta (3). The assumption of knowing 8 may seem restrictive. In practice, we can expect to have accurate
estimates of 5 for several reasons. The first reason is that 5 has d unknowns while © has d(d + 1)/2 unknown
parameters. The second reason is that the accuracy of an estimate of © requires synchronizing all d series, while
to estimate 5 we only need a synchronization of the stock price series with the ETF log-price process denoted

by Y. In our case of interest, the ETF price series is liquid.

6.1 The case of no noise and no jumps

Let TY) = {0 = t%/ << t}L/Y < 1} be the observation times for the ETF log-price Y. The pairwise Hayashi
and Yoshida (2005) stock-ETF beta estimator for asset [ over the interval [0, ¢] is given by:

—lY
By =Y AuX'Ajyexp(Y)1y(thv t}/)llémljy#m, 0<t<l, (39)
i,J
where i =1,...1n;,j=1,...,ny and I}, IJY are as in (27).

We now study how to improve the pairwise estimate of the beta vector when a highly accurate estimate is
available for the quadratic variation of the ETF. The improved beta estimate is based on the following result

(proof is given in Appendix).
Proposition 3. The quadratic variation of the synthetic ETF log-price Y* in (8) satisfies that

l

*1 Wg l
d[Y™]s = ; m%m (40)

where

d t
61 :Z/ w' Bk ds. (41)
1=1"70

13



Based on Proposition 3 we have the following estimate of the quadratic variation of the ETF log-price:

l wl

_ & e, —lY
7= Z Z 7@(})(2}@ ) (5% Bt 1) : (42)

=1 m=1 m—1

Suppose we have an alternative highly efficient estimate that we denote by 7, and that the beta estimates need

to be adjusted in such a way that the beta-implied variance equals v,. To do so, we propose to determine the

adjustment vector § = ((Htl, 0L ), (th, . ,Hfd ))’ of dimension n such that
ny ng
d wzlfl Yy
. = m—1 e o el ) . 43
it ;1 m§:1 eXp(21/tl ] ) (/Btm Btm tfm—l ( )

Similarly as for the beta adjustment of the covariance matrix in (18)-(19), we define the corresponding opti-
mization problem as

f = argmin ' D4, (44)
0

subject to (43) and where D = diag(n1,...,nq).

The resulting variance adjusted beta equals

where 0 is given by
!/
= T~ e nyl 71
0= — - : o . (46)
Z;l:l n; 1 nmjzl(wij /exp( ))2 mz:: exp( 2Y1 _1 mz:: exp 2Ytd 1

m— 7n 1

In the simulation study, we set the target variance to the realized ETF variance when there are no jumps in the

ETF and stock prices:

ny

_ _ 2
o= 3y vy )

i=1

6.2 The case of microstructure noise and jumps

In the case of the ETF price, we denote by microstructure noise all deviations of the observed log-price from
the efficient log-price, namely Y,y = Y5 + Cg;. In contrast to the microstructure noise affecting the covariance-
implied beta (denoted by /), the microstructure noise does not induce a bias in the pairwise stock-ETF beta
(denoted by El) under the assumption that microstructure noise has zero mean and is independent of the efficient

stock price and the microstructure noise of the stock prices, i.e., E [Cﬁ] =E [ka C,?‘//] =E [C}//ka] = 0, for all

14



k # 1.
Jumps do affect the pairwise stock-ETF beta estimate and need to be removed. To do so, we assume the

noise variance to be constant. Let aéf = E[(¢))?]. We detect all ETF jump intervals as in (36):

Fy = U(tly_l,tiy] s.t. (}/tz/ - Y;ly_l)Q > /132/1_/ + 202/.

()

In order to achieve coherence between the jump detection intervals used in the pre-estimator and in the stock-
ETF beta estimator, we take the union between the stock jump time intervals F' in (37) and the ETF jump
time intervals by setting

F=FUFy.

The final estimator for the jump corrected Hayashi-Yoshida pre-estimator when the stock-ETF beta is also

estimated is then .
5 ok ok 1 1 B
BT = 0 (X = X )X =X Dl e i )

1- Zi,j((min(tiﬂ’ té) - maX(ti&l? té'fl))1[tlj.717tlj.}m[tf717tﬂmﬁ¢o

and the [th element of jump bias adjusted pairwise stock-ETF beta estimate is

=Y -
B =2 BuX Agy exp(Y)1y | ivinw | dinso

48)
T I Y (
1 - Zi,j((mm(tivtj ) — max(tifbtjfl))1(t}/_1,t}/}m(t§_l,tﬁ]ﬁﬁ#O
for I =1,...,d. In the simulation study and empirical application, we adjust for the presence of microstructure
noise and jumps in the stock and ETF prices by calibrating the target ETF variance as follows:

ny

2 Y
0= (O =Y =20 ) 1 i (19)
i=1

7 Simulation

We now document the accuracy gains when the Hayashi and Yoshida (2005) realized covariance and the two-
time scale estimator proposed by Zhang (2011) are used as pre-estimator. We use here Monte Carlo simulations
to investigate the sensitivity of the mean squared error accuracy gains to the properties of the underlying price

process, the sampling properties and the target beta calibration method.
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7.1 Setup

We simulate a d-dimensional Brownian semimartingale with jumps using a similar simulation setup as in

Barndorff-Nielsen et al. (2011):

dx¥ = pkds+dVF +dF, +dJF,

dvk = pljagdBf,

dFF = /1 (pF)?okaw,

k

k_ u¥ is the constant drift and o¥ is a stochastic volatility process

where F* is the common factor, W,_l B

ok = exp(B§ + B ob),

dof = oFolds + dBF,

where B* is a standard Brownian motion and J* is the jump process in (35). The parameters are set as in
Barndorff-Nielsen et al. (2011), namely (u*, 8%, 8F, oF, p*) = (0.03,-5/16,1/8,—1/40,—0.3). In the case of
jumps, we simulate them as independent jumps with arrivals driven by a Poisson process with frequency of
on average of two jumps per day per asset. The size of the jumps equals M = 10 times the average spot
volatility of the day multiplied by a uniform random variable drawn from a uniform distribution on the interval
([-2,—1] U [1,2]). In the absence of noise the ETF price is modeled as a logarithm of the sum of the prices
of the components, as in (8). The unit interval [0, 1] corresponds to one day of 7.5 hours of shares trading.
We simulated prices at the frequency of 100 milliseconds, making up to N = 7.5 x 60 x 60/0.1 = 270000
intervals per day. We assume that the ETF prices are observed at this frequency. Stock prices are observed at
a lower frequency. We generate the observation times for the d stocks using an exponential distribution for the

inter-trade durations with rates equal to

d—1

Ak = A1 + exp <V )(M-M), Vk=1,...,d, (50)

where v = 10, Ay = 2700 and Ay = Ay = 270000.
Alongside the noise-free setup we also run simulations with microstructure, adding a noise term to the
log-prices

ok k k
Xt’.c = Xt’? + Ct’,“
1 K3 1

d
Yy =log (Z eXp(Xfy)> + Ct%//

k=1

The microstructure noise terms t’ic and Ct}; are simulated as i.i.d. from a normal distribution with zero mean
7 [
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and variance such that total noise variance equals x times the integrated variance, where x is calibrated at 8.5%,
corresponding to the median value found on the empirical data. As a sensitivity analysis, we let kappa vary

between 0 and 0.2.

7.2 Analysis

We simulate S = 1000 days. For each day, we first compute three pre-estimators: the traditional realized
covariance estimator (RC), the two-time scale estimator (TSC) of Zhang (2011) and the Hayashi-Yoshida (HY)
estimator. Each estimator is constructed using a pairwise approach. RC and TSC use refresh-time sampling. RC
is synchronised using refresh-time at the highest frequency available on the interval (0, 1]. TSC is implemented
as in Zhang (2011). For TSC we set the short and long window sizes for the two time scales as J = 1 and
K = 30, respectively. The HY estimator is computed as in (26).

For each pre-estimator we then compute the corresponding BAC estimate obtained using three possible beta
estimates: the oracle beta (), the pairwise beta (BY) and the variance adjusted beta (BVAB).
In total, we then have nine integrated covariance estimates per day of simulated prices. We compare the

accuracy of the estimators using the mean squared error defined as follows:

w((6:-0) (6~ o))

S
1
MSE = — 1
S s; r (0/0,) ! (51)

where S is the number of replications and ©; is the true integrated covariance in replication 4, while ©; is its
estimate. We express the improvement in MSE achieved by the BAC estimator using the percentage relative

improvement in average loss (PRIAL) frequently used in the shrinkage literature:

MSEpgg — MSE
PRIALpac = P ]\% o BAC (52)

where M SEprg is the MSE of the pre-estimator.

7.3 Results

Table 1 reports the mean squared estimation error for the pre-estimator and the PRIAL values for the BAC
estimators. The PRIAL is always computed versus the MSE of the pre-estimator used. As target beta, we
take the oracle beta (8, = (), the pairwise estimated stock-ETF beta (8o = BY) and the variance adjusted
stock-ETF beta (8 = BVAB). Our contribution is to improve further the performance of the pre-estimator
by adjusting them such that the implied stock-E'TF beta correspond to a target beta. We report the results
for three scenarios: (i) no noise and no jumps (panel A), (i) noise and no jumps (panel B), and (iii) noise

and jumps (panel C). For the scenarios with noise and/or jumps we perform the same bias corrections for the
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pre-estimator, as explained in Sections 5.1.1 and 5.1.2. For each panel, we consider three dimensions (d = 10,
d = 30 and d = 100) and three estimators (RC, TSC and HY).

Note first that the performance pattern of BAC with respect to choice of pre-estimators and betas doesn’t
vary much across Panels A, B and C. We will therefore discuss only panel C which covers the realistic case of
prices being affected by both microstructure noise and price jumps.

As pre-estimator, the HY estimator stands out in terms of lowest MSE (0.027 for d = 10 and 0.030 for
d = 100). The RC and TSC estimators implemented with refresh time sampling have a larger MSE. Their MSE
is around 200 (respectively 10) times the MSE of the HY estimator.

All PRIAL values are positive indicating the gains in accuracy of the BAC estimator compared to the pre-
estimator. The accuracy of the target beta clearly matters. The PRIAL values are between 56% and 72% when

using the oracle beta (s = (), between 10% and 74% for the pairwise estimated stock-ETF beta (8, = BY), and

between 16% and 74% when targeting the variance adjusted stock-ETF beta (Se = BVAB

). The improvement
becomes slightly smaller when the dimension d increases, which is expected as there are more elements to adjust
per element of the beta differential vector.

So far we have discussed the results in Table 1 where we have either absence of microstructure noise or when
the microstructure noise to asset noise-free variance ratio x is equal to 0.085. In Figure 1 we analyze this at
the more granular level by letting the noise variance parameter x vary from 0 to 0.2. We can see that, while
higher levels of microstructure noise variance reduce the size of the MSE improvement, the overall conclusion
remains that the BAC estimator leads to economically significant improvements of accuracy with PRIAL values
that are above 57%, 5% and 14% when using the oracle beta (8, = /3), the pairwise estimated stock-ETF beta

(Be = BY) and the variance adjusted stock-ETF beta (8o = 5VAB), respectively.
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Table 1: MSE and PRIAL of integrated covariance estimates

Pre-estimator ~ MSFEprp PRIAL (in %) for BAC with S, =
(in %) B B i
Panel A: No noise and no jumps
d=10 HY 0.023 65.484 6.288 19.433
RC 4.165 72.124 71.743 71.830
TSC 0.238 74.791 68.339 70.119
d=30 oy 0.026 63.260 10.478 21.418
RC 5.437 76.418 76.161 76.210
TSC 0.265 74.309 68.581 69.936
d =100 HY 0.025 57.489 9.635 18.356
RC 0.954 74.072 73.886 73.926
TSC 0.277 71.216 66.256 67.398
Panel B: Noise and no jumps (x = 0.085)
d=10 HY 0.028 64.437 13.025 21.932
RC 4.177 72.353 72.101 72.133
TSC 0.236 74.700 67.668 68.928
d =30 HY 0.029 59.936 10.282 17.608
RC 5.394 76.040 75.784 75.825
TSC 0.270 74.115 68.193 69.220
d =100 oy 0.028 95.817 8.752 14.959
RC 5.950 73.750 73.548 73.574
TSC 0.253 70.190 64.497 65.444
Panel C: Noise and jumps (k = 0.085)
d=10 HY 0.027 62.837 13.270 21.659
RC 4.177 71.990 71.679 71.736
TSC 0.240 75.804 69.480 70.730
d=30 oy 0.028 60.323 10.721 17.886
RC 5.368 76.421 76.063 76.123
TSC 0.279 73.956 68.220 69.246
d =100 HY 0.030 56.314 9.766 15.805
RC 6.089 74.451 73.879 73.965
TSC 0.296 71.107 64.814 65.906

Note: In Panel A, the HY, RC and TSC pre-estimator are the standard Hayashi-Yoshida, Realized Covariance and Two-time
Scale Covariance estimators. In panels B and C, we remove from the HY and RC estimator the bias due to noise, as explained in
Subsection 5.1.1. In Panel C, we filter out the returns that are affected by jumps, as explained in Subsection 5.1.2.
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Figure 1: Sensitivity of the PRIAL of the BAC estimators to noise variance
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Note: The figures show the effect of noise variance magnitude on the PRIAL of the BAC estimator in the cases of no jumps
(left panel) and jumps (right panel). The pre-estimators have been bias-adjusted for the effect of microstructure noise, as explained
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in Subsection 5.1. In the case of price jumps, these are also filtered out using the jump test explained in Subsection 5.1.2.
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8 Empirical application

Our paper is motivated by the opportunity to improve realized covariance estimation by exploiting the increasing
number of transactions involving exchange traded funds. In this section, we document the BAC adjustment for
realized covariance estimation of the stocks for which the market capitalization weighted value is tracked by the
Financial Select Sector SPDR Fund, with ticker XLF. The Financial Select Sector SPDR Fund (XLF) is among
the most frequently traded ETFs (nasdaq.com, 2019).

We first describe the data and compare the properties of the ETF data and the stock price data. Second, we
quantify the magnitude of the BAC adjustment and document its heterogeneity across time and stocks. Third,
we show that the adjustment improves the performance of an index tracking investor aiming at tracking the

XLF index with a small number of stocks.

8.1 Data

We use two years - from Jan 2 2018 to Dec 31, 2019 - of transaction prices from the Trades and Quotes (TAQ)
Millisecond database for the XLF fund transaction prices and its 67-69 components. The amount of investment
in the various assets is taken from the CRSP Mutual Funds constituents database. Data cleaning is performed
according to recommendations in Barndorff-Nielsen et al. (2009).F We find that, for our sample, the XLF ETF
tracks the value of a market capitalization weighted portfolio invested in financial sector stocks included in
the S&P 500 with a tight tracking error.¥ We refer to citetpetajisto2017inefficiencies for more dicusion on the
mechanism of shares redemption and the activity of arbitrageurs ensuring such low tracking errors.

Figure 2 reports the daily average number of cleaned trades for all stocks included in the XLF. It varies
between 1987 and 26038 observations per day with a an average (resp. median) value of 7330 (resp. 6091) trades
per day. The XLF fund itself has an average frequency of 12211 trades per day. Only eight stocks have a higher
number of observations, namely JPMorgan Chase (JPM), Bank of America (BAC), Citigroup (C), Wells Fargo
(WFC), Fifth Third Bancorp (FITB), Morgan Stanley (MS), Huntington Bancshares (HBAN) and E*TRADE
Financial Corporation (ETFC).

$One exception is that for each stock we take all trades on the two most liquid exchanges instead of only one exchange. This
modification substantially increases the number of observations with only little effect on the microstructure noise variance.

$On our sample, the relative mispricing between the ETF price (exp(Y:)) and the weighted average of the most component
stock prices obtained using last tick interpolation for every minute. We find that the relative mispricing is economically small. It
ranges between -0.19% and 0.34%, with zero mean and median and standard deviation of 0.01% .
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Figure 2: Average number of daily cleaned trades for the XLF stocks from Jan 1, 2018-Dec 31, 2019
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Note: We show here the average number of trades for the components of the XLF fund. The horizontal line indicates the average
number of trades for the XLF fund.

8.2 Magnitude of BAC adjustment

The size of the BAC adjustment in (25) is driven by the difference between the pre-estimator implied stock-ETF
beta 3 and the target beta BY in (39).

We gauge the across-asset variation in Figure 3 where we report for each stock in the XLF funcd the
magnitude of the estimated beta-differential for the HY estimator. More specifically, for each stock k, we report

the following normalized root mean squared adjustment in beta:

T
1 _
AL DI AR

t=1

where ¢ is a normalizing constant equal to the inverse average absolute value of beta over the entire period.
Results are presented for all components of the XLF fund sorted by frequency of trade, from lowest to highest.
The aggregated beta difference is clearly higher on the left side, where less frequently traded instruments are
located, implying larger estimation error.

In Figure 4 we show the time series variation in the total magnitude of the BAC adjustment. For each day,
/1)

We see that there the fluctuations in the magnitude of the adjustment are sizable and that they are serially

we report the norm of the BAC adjustment matrix divided by the norm of the pre-estimator (HZBAC
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Figure 3: Across-asset variation in magnitude of the HY pre-estimator implied stock-ETF beta and the target
beta for all XLF stocks sorted from lowest to highest number of average observations per day
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Figure 4: Time series variation in the norm of the BAC adjustment matrix
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correlated, indicating that the gains of the BAC adjustment are also time-varying.

8.3 Index tracking portfolio

Now we want to evaluate BAC performance on market data via its application to index tracking. Fastrich et al.
(2014) describe index tracking as a passive financial strategy that aims at replicating the performance of a given
index. They note that full replication using all constituents of the index is often not possible since having many
active positions in the tracking portfolio may lead to small and illiquid positions, causing high administrative and
transaction costs. The goal of index tracking is to build a portfolio composed of the minority of the components
of the index such that it follows the price dynamics of the index as precisly as possible, minimizing the variance
of their difference. We show here how realized covariance matrices can be used to construct daily index tracking
portfolios by minimizing the covariance-based tracking error. We show that when the performance is evaluated
using the next day’s realized tracking error, the BAC adjustment improves the performance on average 85 per

cent of the days.

8.3.1 Methodology

We consider an investor who aims to track the ETF price index using a subset of K < d stocks included in the
ETF portfolio. Let C be the corresponding feasible set. The investor thus seeks the portfolio of weights o € C

such that it minimizes the following integrated tracking error variance:
TE(o;Q) = (1 —a)Q(1 - a),

where € is the integrated covariance matrix of the underlying efficient ETF logprice Y and the K < d stock

prices used to track Y:

Wy Wyk
0=

wyk Ok

The K x K submatrix O is the integrated covariance matrix of the K log-prices used to track Y, w" is the
integrated variance of Y and wY X is the K-dimensional integrated covariance vector of Y and the K stocks’
log-prices. From the first order conditions, we obtain that the minimum tracking error portfolio weights are
given by

a(Q2) = GE(IWYK- (53)

We now plug in the Hayashi and Yoshida (2005) pre-estimator for the integrated covariance matrix of the
K stock prices for each day ¢t. Denote these estimates by 6 K,t- For wy and wy g we use only the HY estimator

and denote the corresponding estimates by wy; and wy i ;. The resulting integrated covariance matrix estimate
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is:
N Wyt WyK;t
Q= .
Wyrkt Ok

The corresponding estimated minimum tracking error portfolio is a(Qt)ﬁI We do the same for the BAC adjusted
pre-estimator leading to a(QtBAC).
In order to evaluate the tracking error performance of portfolio a(Qt) we use the next day’s covariance

estimate 2.41. The next days’s tracking error is:
2 - A A—1 - - A—1 A A—1 ~
TEp1(a(fl)) = Oyep1 — 20y k1O 0y K t4+1 + Oy K 1O Ok 1410, Oy K -

If © Kt = 6 K.t+1, then a(fli) delivers the optimal portfolio by construction. We further create for each day
N = 10000 random sets of K stocks used in the index tracking. We sample K from a uniform distribution
between 10 and 30. For each day ¢, we then compute the percentage of subsets for which the BAC adjustment

has improved the tracking error:

G = NZH(TEtH(a(Qtﬁi))fTEtH(a(QEiAC)))>0a (54)
i=1
where the portfolio weights are computed using estimators Qf[zy and QEZAC of the previous day and the per-

formance is evaluated using the tracking error computed using Qt+17z‘ of the day ¢ + 1. The latter is computed

using the 1-minute realized covariance as well as the Hayashi-Yoshida covariance estimator using all trades.

8.3.2 Results

We now use the next day’s realized covariance to evaluate the gains obtained using the BAC estimator in
terms of achieving a low tracking error portfolio. The evaluation period ranges from Jan 1, 2018 to Dec 31,
2019. Excluding dates with missing data and dates of re-balancing, we have in total 442 days. The results are
presented in Figure 5, where we plot the 10-day moving averages for both pairs of estimators, comparing BAC
HY against HY and variance adjusted BAC HY against HY .

In the top plot, we can see that the BAC estimator outperforms the pre-estimator every day for over 84%
of the random subsets considered when we use the next day’s HY estimator to evaluate the trackingerror. In
the bottom plot, we can see that if we use the variance adjusted beta as target beta, the outperformance of the
BAC estimator remains but is less outspoken. However, if we gauge the performance based on the next day’s
1-minute realized covariance, then the BAC estimator with variance adjusted beta as target beta outperforms

perfoms simiilarly as the BAC estimator with the pairwise estimate as target beta.

TWhen the pre-estimator or its BAC adjustment is not positive definite, we perform a spectral decomposition based regularization
as in Aft-Sahalia et al. (2010) and Fan et al. (2012).
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Figure 5: Percentage of outcomes where the BAC estimator-based tracking portfolio has a lower next-day’s

tracking error (evaluated using next day’s HY, BAC or 1-min RC) than the tracking portfolio based on the HY
pre-estimator
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Note: The figure shows the 10-day moving average of the percentage of outcomes where the minimum tracking error portfolio
obtained using the BAC estimator outperforms its counterpart obtained using the HY pre-estimator. Portfolios are formed using

the previous day covariance matrix estimate and performance is evaluated using the HY, BAC and fixed grid one-minute RC for
the next day.
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While it remains a topic for further research to obtain even better estimates for the stock-ETF beta (and
possibly exploit expert opinion), we can conclude from the empirical analysis that the BAC adjustment with
the pairwise stock-ETF beta yields improved minimum variance tracking error portfolio in the vast majority of

the random subsets considered.

9 Conclusion

Over the past decade, the trading frequency of several Exchange Traded Funds (ETFs) has surpassed the
frequency at which many of their component stocks trade. In this paper, we show that this trend has a positive
spillover effect in terms of improved covariance estimation of the underlying stock returns. We develop an
econometric framework to exploit the information value in the highfrequency comovement between stock and
ETF prices for the estimation of the covariation between stock prices over a fixed time interval.

The proposed Beta Adjusted Covariance estimator improves a pre-estimator in such a way that the implied
stock-ETF beta equals a target value. The latter can either be based on pairwise estimation using stock and ETF
prices or be defined using expert opinion. We develop the asymptotic theory for the stock-ETF beta associated
to the Hayashi and Yoshida (2005) pre-estimator. In the simulation study, we show that the accuracy gains
are over 50% in the case in which the target value for the stock-ETF beta is set by an expert to the oracle
beta that is assumed to be free from estimation error. The accuracy gains remain economically significant
when the target beta is estimated using ETF prices and stock prices. The empirical application on Trades and
Quotes millisecond transaction data demonstrates the usefulness of the BAC adjustment for an investor aiming
at tracking an investment index with a small number of stocks.

To help practitioners and academics to implement our methodology in practice, we have included the open
source implementation of the BAC estimator in the R package highfrequency (Boudt et al., 2021) and the
Python package bacpack (Dragun et al., 2021).
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10 Appendix 1: Derivation of the BAC estimator

10.1 Example of () matrix

The nd-dimensional vector § corresponds to the adjustment to the n spot covariances estimated using the pre-
estimator. We use the d(d — 1)/2 X dn matrix @ to make sure that symmetry in the adjusted covariance is
guaranteed by imposing Qd = 04(q—1)/2. To illustrate this, suppose that d = 2. In this situation, we require
that A'?2 = A?! which, is equivalent to having that

ng ni

Sar=ya

=1 =1
Since Q = 0%1 1%2 —1;“ ();L2 , it follows that

Q5_26 2521.

=1

We conclude easily from this that A2 = A?! if and only if Q6 = 0.

10.2 Proof of Equation (22)

Let us start by considering the Lagrangian corresponding to the optimization problem (18). Plainly,

!/

£=dP5 = [(V.Q5 = (5= ) Uarnyan) | A

with X\ as the vector of Lagrange multipliers. Thus, the n = ZZ:1 ny, first order conditions for the elements of

0 are:

‘2? =2P5 — (W, Q")\ = 0,,. (55)

For the d x 1 Lagrangian multipliers \;, we have:

oL

o =, QY5 — (B B0 ryaga) =0 (56)

From (55) and (56) we obtain:
(W/,Q')/P_l(W/,Q/) ((5 Bs)', 0 (d1 d/2>/'

Applying the previous relation to (56) and using standard formulas for the inverse of block matrices, we get

that 0 equals
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D ~DWP'Q (QP'Q) "

P_l
_ (QP—lQ/)_l QP—lwlD (Qp—lQ/)_l + (QP—lQ/)_l QP—1W/DWP—1Q/ (QP—lQ/)_l
B — e
X
O(a—1)a/2
where
D= (Wp—lw’ —wpPQ (QP'Q) " QP‘1W’>_1 .

Therefore,
vec(®A)=  AP! v b pi (Y b (B _ 3,)

Q _ (QP—lQ/)_l QP—lwlD Q _ (Qp—lQ/)—l QP_1W/D
= A (1-@ @) er ) win (5 - 4).

Thus, it only remains to show that
L=AP (1-Q (QP'Q) " QP )W (WP'W - wP~'q/ (QP~'Q) ™" QP*1W’>_1 .57
with L as in (23). To do this, observe first that
QPIQ =2Ip; APTIW =W’ (58)
Indeed, by using the definition of @), it is easy to see that

. . 7 ./ (3*1)n+22:1 Nk
(L72)2(7,71) +j7(L 72)2(1 —1) +]/ _ 1

v vl
L Z Q%_‘—j/’l
N

(A .
I=(j—1)n+34 Y ne+1

(i—Dn+>1_ ny,

./ ./
—

J . i
l:(z—l)n—i—Zi:ll np+1

:<aii’ajj' _ aij’aji') _ (aij’aﬂ’ _ aii’ajj’)

(QQ)

for all 4,4,7,7' = 1,...,d, i > j, i > j'. Note that if : = j and j = i/, we would have that j > 4, which is

absurd. Therefore,

i—2)(i— (' —2)( = .
( 2)2( D 4.4 2)2( D4

(i—2)(i—1) , . (i'=2)GE'—=1) | .
=20/ 07 = 2[d2 2 ) 2 ﬂl.

(QQ)
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Similar arguments can be used to deduce that for all m,r, 7 =1,...,d

nd (m—1)n 30, e

_ 1
Z(l/P”)A(m 1)d+7’,ka7l - = Z Wk,l
n
=1 " l:(m—l)n—l-zg;i ng+1
oMk nr B
— ’LUIr _ Wk,(mfl)d+r7
Ny m—1
m=1

which shows the validity of (58). Applying the latter to the right-hand side of (57) allows us to conclude that
(22) holds if and only if

—1
L= (W’ — ;APlQ’QP1W’> (WP1W’ — ;WPlQ’Qle’) . (59)

Trivially, WP~ 1W' = I (Zd L S () )2). Moreover, in view that for all 7, j,7, i/, k,m,r = 1,....,d

y=1ny t_a

with 4 > j and ¢ > 7', it holds that

nd i1 1 (m=1)n+320 4 e o) (ie1
Z(1/Pll)A(m—1)d+T7lQ%+jyl — Z Q%—HJ
n
=1 " I=(m—1)n+3" 1 ne+1 (60)
_ amjari _ amia'rj’
and
nd B D VR (i 1n 4525y e
gt L U s TR
=1 S =(G-Dn+ T, gl Tt I natl

1 1 &
=a =3 wp —a¥ =3
T - J -1
=1 =1
in which we have let o*! denote the Dirac’s delta measure. We obtain that

T -1 R a mj mk L % i . mj mi L < J
(W.AP Q) 2 :Z o™ EZthl —Z o™ watj

m=1 v m=1

— (P tw) TR,

Consequently, we can rewrite the right-hand side of (59) as

-1

d Ny
(Id2 _ % (.AP_lQ/) (AP—1Q/)/> W | I Z ni Z(w%’,l)Q — %W (AP—lQ/) (_AP—lQ/)/W/

y=1 Y =1
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Therefore, in order to finish the proof, we only need to check that (AP*IQ’) (.AP*IQ’)/ = Q, where Q is as in
(21). From (60) we obtain that for all m,r,m/,r' =1,...,d

(m—1)d+r,(m —1)d+r

(AP7Q) (4P "

d
. . Iy e
§ : mjam_ mzoérj)(amjoérz_amzoér])7

which obviously vanishes when m = r. Suppose that m > r. Then,

[(.AP_lQ/) (.AP_lQ/

7] (m=D)dr,(m’—1)d+r’ - mi/ m'i r'r m'r r'i
) } = g a™ (@™t — ™)
i=r+1

/ ! / /
— gmmyr'r o mir g r'm

_ Q(m— 1d+r,(m’'—1)d+r’ .

Interchanging the roles between r and m above, we obtain the desired relation (AP‘IQ’) (AP_lQ’)/

which completes our argument.

10.3 Proof of Proposition 3

First note that from It6’s lemma

and exp(Y) = 9 aF exp(XF) =
that
dY) =

S

For the weighted sum of betas

dexp(XF¥) = exp(XF)(dX; + %d[X "1s)

dexp(Yy) = exp(Y)(dY, + d[Y*] )s

Zi:l w”. It thus follows that under the assumptions of Section 2, we have

= ki;wf (de ; ;d[x’f]s) LA, (61)
d t k
X', V), Z;/O $d[xk X1, (62)
d
g 2

=1

with B! as defined in (41) we have that from (62) the following result follows:

d

=1

l d d l
w w
——=___dp! leS: ——5 __d[y*, XY, = d[Y*]s.
Zexp(QYﬁs*) fBS ; eXp Z exp ’ } Zexp(Y;*) [ ’ ] [ ]

k:l =1
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11 Appendix 2: Asymptotics for stochastic functionals of a localized HY

estimator

Consider k, € N a window satisfying that &, 1 oo and ky,/n — 0, as n — oo for a given Itd’s semimartingale H

with representation

t d
H, =Ho + / phds + / o' dB™
0 m=1"0

t t
+/0 /E(p/(svz)lﬂgo’(s,z)gl(NA)(d5d2)+/0 /ESO'(Saz)l|¢(s,z)||>1N(deZ),

in which p/, 0’ and ¢’ satisfy the same assumptions as ji, & and § in (3). Within this framework, we define

WM (H / H, 5 ds

and
ng—kn+1
Z Hye S, (65)
where
5.4 :kn LT e — T m = 0,1, g = (66)
For HV ...  H™) processes of the form of (64) we use the notation

AEY, L H) = (ol (HD) =" HWD), e (H) = g H ),

We have the following result:
Theorem 2. Assume that X is given by (1) and let Assumption 1 hold. If k2/n — 0, then as n — oo

\/ﬁA(H(l),...,H(m))5—'>dZ:(Zfl,.- ZN)kl 1,yds

in which Z is an F-conditional centered Gaussian vector satisfying

E(Z8, 25" | F

/ H@ Zkkzll_'_zklzk l)d
Remark 2. Thanks to Lemma 4.4.9 in Jacod and Protter (2011), in all the proofs below we may and do assume
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that o, p, 7, i, 1,0’ and X are bounded as well as

lo(w,t, 2)|| + ||¢' (w

, 1, z)H < I'(2),

where I is a deterministic bounded measurable function fulfilling that [, I'(2)%v(dz) < co. Under these strong

assumptions, we have that

t d et t
H, = H, +/ fsds + Z / omdB" —|—/ / ¢’ (s, 2)(N — N)(dsdz),
0 = Jo 0o JE

where [i’ is bounded. Moreover, for all s >0 and p > 1

E (sup X — X7
u<s

|E (Xeys — Xi

E (SUP | Ztu — P
u<s

|E (Zirs — 24

E (Sup |Hypu — Hyl?
u<s

|E (Heys — Hy

]-“t> < OsP/?

Foll < Cs,

J-'t> < Cs'2,

Fo)ll < Cs,

]:t> S CSIAP/Q,

Fs)|| < Cs.

For more details in this regard we refer to Section 2 in Jacod and Protter (2011).

11.1 First approximation

For the remainder of this work, if Z and Y denote two stochastic processes, we will write

B (Y, Z) =) MY DjuZL g (tV 15) 1 et sp;

1,

Bi(Y, Z) = Z Ai,kYAj,lZHmTfl,%](tf Vv té’)llfmlj’:yé(lh

7:7j

fork=1,...,d,l=1,...,d,p=1,...,ny—land m=1

,...,n. Note that

wkl(H) = Zhnnﬁgl(kaXl)v

p=1

where

p/\(nk_k7l+1)

1
hpn = = > Hp

" m=1V(p—
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For the rest of this part we focus on showing the following approximation:

Lemma 1. Assume that X and H are given by (1) and (64), respectively. Let Assumption 1 hold and suppose
that k2 /n — 0. Then,

N
wkl(H) :ZHtlgﬁgl(kaXl) + O[p(nil/2)
p=1
=D Hy it Ain XA X N gt + op (n712) (69)
2V
= Hua BRL(X", XY + op(n™1/?).
m=1

Proof. We will only show the first equality in (69). The other approximations can be shown using the same

method. For n sufficiently large, define the error of the first approximation by
Nk

Rui=Y. <hp7n - Ht;;) Kk, X1),

p=1

In view that If NI ]l # () if and only if the following four scenarios occur

tr>th > 7 and 7 >t
l k l k l
ty >t =154 and t; | > tiq

th>th > tf  and th | >t

752 > th > té._l and t;_l > tF

we deduce, from Assumption 1, the estimates in (67), Jensen’s inequality and the Cauchy-Schwarz inequality

that for all J > 1
J
E ()ﬁgl(Xk,Xl)‘ ) < C/n‘], p=1,...,n. (71)

Thus, letting l,, = k,,/ni and using once again the Cauchy-Schwarz inequality, we obtain that

. o b L2 2\ 1/2
kl/yk vyl
S E (| (o — ) B (X5 xY]) <230 ‘Htg ~ 2 He
=1 p=1 m=1
L 1 [sng]+1 2 1/2
:c/ E |H[Snk]+1 - z/ " Hpuygdr ds
0 ng n Jo "k
1 [snkH»lhn 2 1/2
:Cln/ E H[’LnT'nk] - / . H[}Lné‘nk] ds dr < Cln
0 g 0 "k
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Similar calculations show that

ng

Y OE (’ (P — i) @’;l(X’f,Xl)D < Cl,.

p=ng _kn“l‘l

Thus, using that y/nl, — 0, we conclude that

ng—2kn q+kn—1
Z ANgnH Z B (X", X" (g = p+ k)
" g=kn+1
q+kn 1
ZAq,kH > BN XY (g —p+ k)
p=kn

ng—kn—1 ng—kn

1 kl k l —-1/2
oD AkHZ:j BE(XF, X1) (g = p + k) + 0p(n~'12).

" g=ng—2kn+1

Furthermore, in view that
q+kn_1

p=q

we can apply (71) to deduce that

Nng— Qk‘n q+k'n_1

SN AuH Z BE(XE, X" (q — p+ k) + op(n?).

" g=kn+1

Now, let A, be the set of indexes (i, j) satisfying the rth scenario in (70), put

i,jEAr

and define
nk Qk}n q+kn 1

Z D AgkHBL(XE X (g —p+ ka);
q=kn+1 p=q+1

ng—2kn

r)=vn Y AgRHBM(XF X,

n

Since v/nRp1 = S, (Un,l(r) + Uml(r)), we need to show that U, 1(r) and U, 1(r) are asymptotically negli-

gible for r = 1,2, 3,4. We will only show the case for r = 1. By Jensen’s inequality and Lemma 2.2.12 in Jacod
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and Protter (2011), we need to show that

’I’Lk Qkin q+kn 1

Z > (qu 1(X’“,Xl)‘f 1)(qr P+ kn) = op(1),

Fon q=kn+1 p=q+1

—vi Y E (AgrHBL (X, XY Fi ) = 02(1)
q=kn+1
and )
ng—2kn q+kn—1
2N El|apHE Y XD(g=p+hn) | [ Fp | =op(),
" g=kn+1 p=q+1 (75)
TLk—an 2
S E [(Aq,kﬂﬁs,a(ﬂ,)cl)) ]J—"} ~ op(1).
q=kn+1
From Remark 2 and It6’s formula, we have that for any t > s >wand k,l=1,...,d
t ¢
E[(H, -~ H,) (xF - x| 7] =E [ [ttt = tdkar fu] +E [ [ et - xhar fu}
S . S (76)
+E [/ M dr ]—“u] :
We also have that
t
E|(H - B, (x}F - xF) (x - x1)| 7] =E [ [t (xf - xE) e fu]
Tt
+E / (H, — Hy) (Xﬁ - Xi) prdr fu}
.
+E / (Xf - Xf) (Xﬁ - Xg) i dr J—"u}
+E _/t(Xk—X’“> 24 ]—“]
T s | Pr r u
= t
+E / (Xﬁ —Xg) oW fu} +E [/ (H, — H,) M dr ]-“u} ,
LSS S (77)

for some cadlag processes (1), p() depending only on o and o’. Let g € {k,, +1,...,nj — 2k, }. It follows from
(76), (77), Assumption 1 and (67) that if (p,j) € A; is such that té‘—1 >tV and p > ¢+ 1, we have as in (76)
that

‘E (Ap,kX’fAj,le] Fi) = (@ —th )ZH | <on7?2, (78)

q 1
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while for tk > té 1

E (2, X 8,1 Fy ) = (X = X)) E (80" | Fy)

)

ftg) dr

+E (Ap,kxk (thg - Xf,g)
tk

P
() [ e
J t’;71

l k kl
+ (t] - tpfl)EtI;_

+ Op(n_3/2).
We conclude that

E (| (8nHAp X 850X Fy ) =t th T8 E (At 7y )|] < On72
q— q—

Therefore,
nk 2kyn, q+kn—1
map = Y0NS S B E (BB By ) Lpren - p+ k) +0p(1) = 0p(1),

Fn q=kn+1 p=qg+1 j

where we have also used (72) and (67). To deal with m,, 5 first note that

E (A kHAxX 25X 7y ) —(Xly |~ Xp ) XE (Aq,kHAq,kX’f] Fu )

(( ) (% -xk ) (% - x4 )| 7a)
+E((Hts—ﬂtz)(X@ X )( q) 5)
(( ) (x4
(( (

(= xt) (x4 - x4 )l 7 )

+E ((Hy — Hy) (X5 - x5) (Xl, Xy )| Fu )
J
t
_ -2 g ! ! (
=Op(n™) +E /t (X, = %) etar fm]
t th
+E / (xF-xh )o@dr| Fy | +E / (Xt =2xh ) oWdr| 7y
t§71 - th_ q
t
l l .
E /tl (Xt;“ — X )(p£ )dr ftl(;l] ;

37



S50
nEe— an

m,g=vn Y, Y E

/ (Xlk Xlk ) Sﬁs.l)dr
q=kn+1 jJ K

ng—2kn
S ZE[/ (0t -y
k
J

ftkl] 1(q7j)€Al

q

}—t’;l] Lgjea

e N _ 79)
q=FRn L 4 -
nk=2kn [ g |
+Vn Z E (ka X} ) pMdr| Fu Lgpem
k1 L7t p e !
q=kn L J -
—{—O[P(l).

Since o) is cadlag, the Cauchy-Schwarz inequality and the Dominated Convergence Theorem guarantee that

the sum
Nk 2ky, k ()
l l 1 1
vn ;HZE{ / (X ) (S"v“ %:;_1) dr ft’g-l] }1<w>em
q=Rn J q—
is bounded (up to a constant) by
ng—2kn o\ 1/2
> / (‘ ) H ) dr — 0. (80)
qg—1
q=kn+1
Consequently, the first term in (79) equals
N — an
o I AT (R ) P TPOpa e A
q=kn+1 j -1

thanks to (67). A similar argument can be applied to the other summands in (79) in order to deduce that (74)
is indeed true. Now we concentrate on showing that (75) is satisfied. Fix q € {k, +1,...,nt — 2k, } and pick
(p,7), (¥',j") € Ay such that ¢ + k, —1>p,p’ > ¢+ 1 and put

b, () =E (Ap,kaAp,ﬁkX’“Aj,leAj,JX’) Fi)-

38



Suppose first that j° > j. Then,

2 e gl k.
O(n?) if t; 4 >ty

akl, i(q) = (Xl - le 1) E (Ap,kxmp,y,{xmj,,lxl} ]—'t;;) +0(n™?) if th,_ >tk >k g

(X,fk Xt ) (thk thél_1>E(AkakAp/,ka‘}"t;;)+O(n_2) s, >
\

Moreover, thanks to (76) and (78), if té/fl > th > té 1

. i l C/n? 1ftk >tk, or 1ftl, _1 >tk
C/m? >tk >,

as well as
C/n® ifp#yp;

B (28X 8y X*| )| <
C/n ifp=np.

Hence, if j > j/,
E{|E [(AgrH)? 8y X 250X Ay 1 X 85 X! | ||} < 00572,

whenever té’/—1 > t’; > té»_l and t’;, > t’; > té.,_l or when t’; > té,_l > té‘—1 and p # p’. Otherwise, we have that
E { ’E [(Aqu)Q Ap,kaAj,leAp/ kaAj/ le’ ftk :| ’} < C’n*?’
, , ko

Interchanging j with j' above and applying (72), we can conclude that

MNp— 2k2n q+kn 1

E (Jon,ul) < E : E : § :1tl, _ >th>tt 1(p,j),(p’,j’)6A11tk >t’“>tl, )

q kn+1p,p'=q+135'>j

+o(1).

The first part of (75) now follows from the fact that the last sum contains O(nk,) terms due to Assumption 1.
Finally, from the estimates in (67), the Cauchy-Schwarz inequality and (71) we obtain that

2
o[ (a0 <

which trivially implies that v,, 5 is negligible as n — oo. This concludes our argument.
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11.2 Negligibility of the drift component

From Lemma 1, we have that

Vr(H ZHtk nib DA M gy + op(n 1)

; (82)
+ Z Hy o, (BirMFEAG AT+ A ARG MY+ A ARAG ) 1

whenever k2 /n — 0. For the rest of this subsection we will show that under our framework the last summand

n (82) is op (n*1/2). From Assumption 1, it follows easily that

Z 11501;;&@ =0(n).
i?j
From this, the boundedness of H and the fact that ‘AMA’“A]»,ZAZ‘ < C/n? | we easily deduce that
k l -
ZHt§71/\téf1Ai’kA AjylA 117?0[;#@ = Oop (n 1/2) .
On the other hand, reasoning as in (80), let us conclude that

1
kA gl _ k gl ~1/2
E ‘ Htf,l/\té,lAkaA A]JM 11501;759 = 771]9 E ‘ Ht§71/\té‘f1ut§_1/\t§_1A]’lM 1I§QIJL7&® + op (TL > .
Z7j

Hence, in view that pfk At 1Ht§_1/\t§._1 is ]:té_l—measurable and bounded, E (Ajkaq ]—‘té_l) =0,and E OAMMZH I
i— J— ‘

C/n, it follows from Lemma 2.2.11 in Jacod and Protter (2011) that
k l ~1/2
ZHt" nth B ATRGIM L g4 = OB (n / )
as claimed. The negligibility of the sum involving A; ,, M kAjJAl can be shown in the same way.

11.3 Freezing the volatility

In this part we show that under our set-up we can replace A; W MF with dow Utk A; . B* in

!
Aty

kA . l
Skl ZHtk /\tl . sz AJJM 1150157&@.
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Lemma 2. Assume that H is given by (64) and let Assumption 1 hold. Then,
(83)

k. Ly kl —1/2
kl_g gH o o A R a0 (n )
Sn = — AR ti_ Ayt 1/\,53719(1,] IFnI;#0 P ’

Y 4,5

where
Xf’l] = Ai’kaAj’lBy.

Proof. We have that

Kl _ kl
Sh —E Htffl/\téilxi,jllfﬂ%;é@’

]

3
kl
2D Hye i Xig(r),

r=1 1,5

where
)

th
k,x k. x J l, kyy .
=0 . > dB; / <asy —op ) dBE;
—1 tk i—1 j—1

tk At
T,y ti— = j—1
th
kl ’ k,x k,x z Ly y
X"QZE ol —oyt dBjo,;; . A;BY;
%J( ) oy th | s ti_ ANt S NG J ’
5 =
th
kl J Ly ky y Kk, z
X;qi(3) = ot —oa dBlo;” . A BT
l’]( ) e 5 b Ny YA Y
) J

The Cauchy-Swartz inequality and (67) imply that

5(

Xflj(l) = op(n~1/?). Under the notation of the proof of Lemma 1, it is left to show that

W) <o

50 Zzg Htf_l/\tg._l
Enp(r)= Hti-“_mt;_lxﬁlj(r) =op(n %), v=1,...,4,r =23

ivjEA’U
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We concentrate only on E,, 1(2), since the other terms require similar calculations. If (¢, j) € Ay, then

th t
kl o 2 : * k.x k,x z Ly J y
Xl,](2) - /; <US - Utl__1> dBS Utl-_l / dBS
zy Yt ! ’

l
tj—l

tt tt
J k l J
> [ (ot = ot Yamzoly [* any
e tj—1 i1 S
x,y i—1 i—

1

th tk
ok — ok Vaproly [T aBy
US - O-tl S O-tl S
th j—1 j—1
x,Y

i—1 té’—l
3
=) X (2,w).
w=1

We start by decomposing

tk th th th
¢ k l J l * k -
/ <O’§’x — O'tl’x > dBth}y A;BY :Ut;y ok atl"r dB; dBY
l j—1 j—1 l j—1 L j—1 l
& ! Tt TG ! tj1

th th
l i 3 J

+ Utéy / (O’f’x — O'tl’x ) dBf/ dB?
-1 Ji j—1 th

i—1
=7 (1) +777(2).

ds.

05 — Oy
j—1

E (7231;(!])2) < g/t;i E U 4} 1/2

Since o is cadlag, we can argue as in (80) and obtain that

Z Hti?_l/\t?_lxrﬁ‘lj(l, 1) = O]P’(n_l/Q)_
i,j€A

Analogous reasoning it follows also that 3, . 4, Htf_lAtg._le,lj(l’ 3) = op(n~'/2). For Xffj(l, 2) we first note that

n)-

=0(n"?).

it is Fy -measurable, so from (67)
J

th th
J J
E ok gkt ) ape A, BY
s t S Js
tk Jj—1 th

i—1 i—1

t
J kax k= T,y
/tk E <<0$ Jt§_1>’ft§—1> dsd

1—1
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where §*¥ denotes the Dirac’s delta measure. Thus,

Z Htk A <X”(1 2)‘.7-" 71> :o[p(nfl/Q).

7]€Al

Finally, by It6’s formula,

t th 2 ) s ? 2
E b —ohe Vapr [ auBY) |Fy | = E dBY | (ob" —op” ) | Fu_ | ds
tk t] 1 tk_l 7j—1 tk_ tk_ t]—l j—1

1—1 7

Fu ] drds
1

S
/ (m’f@— oy >de/ A;,BY
tf, 7j—1 k
t s 2 e\ 2
_ Y kx X
_/tk E (/tk dBT> <08 Jté 1> ]:tg ) ds

./—"tl ] dsé™Y
—1

i—1 i—1
+ O( )
Hence,
th t 2 C th 1/2
E!|E oke — kv Vape [ A,BY | F <2 [ E ‘a oy H ds + O(n™3)
tk L tj 1 tk L ’ j—1 n J L
11— 11— J—

which, as above, implies that

Z Htffl/\té,lxilj(l’ 2) = OP(n—l/Q)'
Z'7.7‘€141

11.4 Proof for Theorem 2

The proof resembles the proof of Theorem 3.4 in Christensen et al. (2013). Let us start by stating some
consequences of the previous subsections: From Lemmas 1 and 2 and the arguments therein, we have that if

k2/n — 0 as n — oo, then for k,I,k/,I' =1,...,d and u,v =1,..., N

kL Ykl _1/9
GH) = 3 ST A B DB e+ o),

Z] x,y

where Y(u) waly =H, W 5 k v ly In order to deal properly with measurability issues and correlation structure,
we will make use of the big and small blocks technique introduced in Jacod et al. (2009). Thus we introduce

the following objects: Let © > 0 and ng € N such that © > maxg—1,._q4(n/ng) for all n > ng. For p > 0 and
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1, (p) = [(m ~De+0) (m=-D(p+0) +p> ;

Ir(f,)@(p) _ [(m_ 1)(i+ 0) —f‘P’ m(p;‘ @)> ,

and I, e(p) = Iﬁ)@(p) U IT(nz)@ (p). Using this notation, it is easy to see that for p > © and n > ng it holds that

[n/(p+0O)]
l
Zai,jlfgw;;ﬁ@: > Zawlf’“ﬂf’#@lf“ ()( =0 g G-1)
ij m=1 2,J
[n/(p+0O)]
+ Z Zazj Ikﬂllyéﬂlj(z) (p)( ) 1(2) ()(té—l)
[n/ (p+0O)]
k l
+ Z Za"ﬁ]]'[kﬂll;ﬁ@lf(l) (p)( 1)1[7(3’)6(p)(tj_1)
[n/ p+9)
+ Z Zazgllkml’;ﬁ@l[“ ()(l 1 e @(p)(té'*l)
[n/ p+0O)]
+ Z Zazj Ikﬂllyéﬂljw) (p)( ) I(l) (p)(té—l)
[n/ (p+©)]

+ Z Zamllkmll;ﬁ@11<2> (p)( )11(1) (p)(té_l)

k l
+ Z a; Jllkmﬂyé@llw o) (ti_1)1 [WPJF@] (p:e) ’1) (tj—l)

i [n/p+6],
! k
+ Zazjlfkmll;éwl 19), 0.0 )(tj—l)l[[n/p+@] wto) ;) (ti1)

7_]

+ Z @i Lrar 2ol [in/p+0) 222 >(tl 1)1 [in/p+0] 2£22.1) (t1),
7]

for an arbitrary collection (a; ;). Thus, in view that y @k ly jg again a semimartingale, we can apply As-
sumption 1, (67), Remark 2 and similar arguments as in the preceding sections to obtain that for n and p

large

[n/(p+O)]

U”:\/ﬁ<wkl(H(u))_/01 (st> =n Z g(ukl

5 [n/(p+O)]

+Z\/ﬁ Z Zc(u)kl (r,p 11’@01175@ + op(1),
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where

,kl u),k,x,ly <kl k l .
7(#) ZZ mm](l) Xz,](x y)1 1(1?e(p)(tifl)llr(i?e(p)(tjfl)llfﬁljl.;é@:
7.] x?i"/

(u) ksl — (u) ks ly -kl k AN
Ci,j (17p) = ZYm1nI(2) (?;) zg(x y)]-[fi)@(p)(ti—l)lfg?@(p)(tj—l)a

(u),k,l

ks _ (w).k,zly <kl k Loy.
Ciyj (2,}7) - Zymml(l) (» )ij('r y)llr(rye(p)(ti_l)llg?e(p)(tj_l)’

(u),k,l (u),k,z,ly k 1 .
Ci}j (B,p) ZY 1(2) Xz](x y)]-]’fi,)e(p) (ti_l)llfj),l,@(l’) (tj—1)7

min 10 o)

().l _ (w).k,,ly <kl k L.
ng (47p) = ZlenIS? o )le(l' y) 1(2’)6(1)) (tifl)llfi?@(p) (tjfl)v

x7y
(u) Kl — (w)k,ly <kl l
C’L] (5,p) = xzy: Ymmlr(ri)@(p)XZj(x y)l 2) o (p )( i— 1)1121176(17) (tjfl)v

in which
;szj(z, y) =A; . B*Aj BY — Leb(IF N IF)s™Y.

Furthermore, by letting Vi (p) = /n 31/ [n/( p+® Z” §§3)’k’l(13)1lfﬁl§¢@ and following the argument in 6.1.5 in
Christensen et al. (2013), we deduce that for all € > 0

lim limsupP (|Uy, — Vi (p)| >¢) = 0.

P—0 pooo

Hence, in view of the fact that f(u kl( ) is Gh" = Fupre) measurable, we deduce from Proposition 2.2.4
and Theorem 2.2.15 in Jacod and Protter (2011) that the conclusion of Theorem 2 is valid whenever for all
kELEI'=1,...,dand u,v=1,...,N

e (i) o
e
2. vn W<§9>l E (€595 0) (Bl 1y o) — Bﬁfinlm,@(m)‘ b ) —— 0
3. f[”/pi@] E (€54 0) (Noax 1,000 —Nminfm,e(p))‘gﬁﬁl) ——0; (84)
. n[n/(§+:9)]IE <£$),k,z(p)€$),k’yl’(p)‘ ﬁi&) m T( JhL() K
=1

1
5. T]()u),k,h(v),k',z' pi}P’OO /0 HS(U)HS(U) (,ykk’,ll’zf,k Eé,l _1_714:1 Lk Ef’l'Z§ ,l) ds,
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in which N is a bounded martingale satisfying that [N, B] = 0 and T;()u)’k’l’(v)’k/’l,

is a certain F-measurable
array.
In the remainder of this section we verify that 1.-3. hold, while conditions 4. and 5. are verified in the

following subsection. A simple application of Jensen’s inequality, Assumption 1 and (67) gives us that

E (‘ﬁffi)”“’l( )| ) <C) D E (

1] T.Y

k I 1
X,y } ) 11236@)(751—1)112?@@)(tj—l)lzfm;;é@ <C/n’,

which implies 1. Condition 2. follows easily from the independence of the increments of the Brownian motion.

Since [N, B] = 0, we infer from Ito’s formula that for all t¥ tLl € Ino(p) , such that I¥ ﬂI]l- # () it holds that

p?n JR—
m—l) - 07

E (Ai,kaAj,lBy (Nmaxlm o(p) — Nminfm @(p)) } ggj—Ll) =E / dB?/ ng/ dNS
' ’ IFnlil IFnlil IFnlil
so 3. in (84) also holds.

11.4.1 Asymptotic variance
In this part we will show that 4. and 5. in (84) are satisfied. Using the fact that B has independent increments,

one easily deduces that

E(gg),k,z(p)g( )k z’( ))g ) _Yuvkk,l,l’rkk,l,l +Yuvkl K ll“’”"“ 17

min I, o (p) min 7,6 (p)
g ! / ! !
where Yuvkk L — fr() gv) ghk’ ol g

kK LU k K’ l ik l K v
Tk ZZLeb (IFnIf)Leb(riniin e \(t )117(71?@(17)(tj_l)llfmjﬂllf,y@(p)(ti,_l)llm o (L

m
’] 7! .]

1 .
1) If,’mljlj;éw’

/

~k; UK\l k; l k l 14 l
Z ZLeb I Leb([ N I ) I(l,)e(p) (ti_l)lffi?@(p) (tj_l)lffmfé-?é@llf;?@(p) (ti/71>117(i)e(p) (tj/
g g ' ’

We proceed as in Christensen et al. (2013) and we concentrate on the interval

jm(p) - )

n n

(m—1)(p+0©)+20 (m—l)(p+@)+p—2@)

for p > 46. Fix now t* | € I,,(p) C qu)@(p). Note that IF NI} # 0 if and only if

1
th>tho >t ot > > - —
ny
or, in other words, for
n
l(zfl)<j<—1+1 (85)
ng ng
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Similarly, Leb(If N I%) # 0 and Leb(I! N 1Y) if and only if

Dk (z—l)<i’<%z’+1
ng ng

and
-1 < < Ljtr,
ny ny

respectively. Moreover, in view that

(m_1)<p+@)+@_tfl—iandtk (m-—1)(p+0O)+p—©O

n ny n

(86)

(87)

for every r =1,...,d, then those times satisfying (85), (86) and (87) necessarily belong to Ifi’)@(p). Thus,

TERLE = 3" > > > Leb(IF N IF)Leb(I' N 141

th 1 €I (p) TH =1 << it T (1) <if < BB i1 T (j-1) <5/ < S+
+0(n?)
= TEFL () 4 O(n?).

Furthermore,
[n/(p+O)] i 1 [n/(p+O)] L 1
w,v,k k! LU ke kLY cru,v ko kLU 2mk kLY
n Z Ymmlm@( )F E Z Yminlm,e(p)n Fm ( )+ —|—@O( )
m=1 m=1

From here we easily identify that
n* Dt (p) = (p = 40)yMHE

Consequently,

[n/(p+O)]

Tk Ll kr sy B (p—40) [ k! 11 sk k! sl
noy Yglglmo(p)r =76 HW H©ARKW shE 50 g5 4 op(1).

p+ 0O

m=1
In a similar way, it is possible to deduce that

[n/(p+O)]

Tkl =k g B (p—40) 1 Rl LK okl okl
noy Yglglmo(p)rm = e HW H©ARLE SR 556 g6 4 op(1).

p+0

m=1

Relations 4. and 5. in (84) are now obtained by letting p — oo.
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12 Appendix 3: Consistency of the asymptotic covariance estimator

Proof. 1t0’s formula and (67) show that for all ¢ > 0

TkL(t

skl kl k4l
Zt = /O ES d8+;§i’j1(o’ﬂ(ti th)11§m15¢@,
where TH () = % A % and for certain r.vs satisfying that

‘E (givj| ]:té_lAt?_l)‘ <C/n*? E [(gi,j)ﬂ < C/n?.

Thus, by arguments similar to those used in the preceding sections, we get that

1
ki Skl K K kol
Lk — 20 = AT (t)/o ity ap Tr(erdr + > i L (g ) (6 Y 6) Lt sg
ij

1
= AR TH(t) /0 E’zﬁl’“l(t)+AgnT“(t)rdr + op(kn/n),

in which we have let AZnT’“Z(t) = TF{(t+ky, /n) —T*(t+k, /n). Furthermore, using that « — [z] < 1, we conclude

that

kﬁ PR () 1,
n

This implies that
25/,1/ _ Efl +0P(1)~

Replacing n by ng results in a similar statement for b)) tk,f . We conclude that

m—1

1
Lo / Fu(s)ds + op(1),
0

where

d
_ <k k Skl l ~kk! k LU
fn(s) = ZZ <Et’“ wi X w0 wi N wy ) g (5)1111)(5), 0<s<1,
-1 m—1 m—1 p—1 m—1 m—1 p—1 p—1
kl m,p
which converges for almost all s toward

KU kykl g kK kbl
Yt wi XS wlds + X9T wi Xt wy.

The Dominated Convergence Theorem and Remark 2 conclude the proof.
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