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What do we know about real exchange
rate nonlinearities?

Robinson Kruse!, Michael Frommel?, Lukas Menkhoff? and Philipp
Sibbertsen?

Abstract Nonlinear modeling of adjustments to purchasing power parity has recently
gained much attention. However, a huge body of the empirical literature applies ES-
TAR models and neglects the existence of other competing nonlinear models. Among
these, the Markov Switching AR model has a strong substantiation in international
finance. Our contribution to the literature is five-fold: First, we compare ESTAR and
MSAR models from a unit root perspective. To this end, we propose a new unit root
test against MSAR as the second contribution. Thirdly, we study the case of misspeci-
fied alternatives in a Monte Carlo setup with real world parameter constellations. The

ESTAR unit root test is not indicative, while the MSAR unit test is robust. Fourthly, b:( A

we consider the case of correctly specified alternatives and observe low powe ofm&
ESTAR but not for the MSAR unit root test. Fifthly, an empirical appl @i&iﬁo real
exchange rates suggests that they may indeed be explained by &Ag@y witching dy-

namics rather than ESTAR. 0((\\05
JEL numbers: C12, C22, F31 \ GO(\
.\"\c‘a
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Threshold models, most prominently the ESTAR model, turn out as the workhorse
of empirical applications. In the ESTAR model, the real exchange rate behaves like a
random walk when it is close to its equilibrium value. As soon as the price differences
increase, a smooth transition process starts and arbitrage adjusts prices and thus the
real exchange rate towards PPP. The rationale behind threshold models is the exis-
tence of trade barriers, such as transaction and shipping costs and tariffs (see the model
by Dumas 1992). The thresholds may also reflect the sunk costs of international arbi-
trage and the observation that traders tend to wait until arbitrage opportunities are
sufficiently large, before they exploit them (for a discussion of the rationales behind
threshold models see Sarno 2005). Kilian and Taylor (2003) add another rationale for
the use of ESTAR models: Internationally operating firms rely on the advice of financial
analysts. The latter ones, however, will only agree on the existence of a misalignment
in terms of PPP with an increasing deviation of the real exchange rate from equilibrium.

In contrast to ESTAR models, Markov switching autoregressive models (MSAR) have
only been recently applied to real exchange rates (Kanas and Genius 2005, Kanas 2006,
a simple Markov switching model is applied by Sarantis 1999). For a general survey
on Markov Switching models see Hamilton and Raj (2002). The MSAR breaks up the
relation between deviation from between regime switches and the deviation from PPP
and describes long swings in the exchange rate, as documented by Engel and Hﬁ -
ton (1990). These swings refer to switching from one regime to anothe h ¢cac
regime lasting for years. The main difference between ESTAR and models is
that the regime switches in the MSAR framework are ggn@ tGchastic, whereas
they are deterministic and depending on past deviagti G2m PPP in the ESTAR
model. Furthermore, within each regime thegé 1S conditionally linear, while the
ESTAR model is nonlinear with a tin«ﬁ\-c ing adjustment speed.

The idea behind both é@él&s that real exchange rates may be driven by various
forces: stabilizi é&@s drive the exchange rate back to PPP, whereas destabilizing
forces caL@\A oing deviations from equilibrium. Due to its characteristics, the ES-
TAR model is often - but not exclusively, see Kilian and Taylor (2003) - seen as a
model of goods arbitrage. On the contrary, the Markov switching model is often re-
garded as a model of bubbles (Hall et al. 1997, 1999) and commonly related to frictions
and heterogeneous agents on financial markets. De Grauwe and Grimaldi (2005), for
instance, link the reasoning behind these views to heterogeneous agents in this mar-
ket, i.e. international goods arbitrage and short-term speculation. Both views of real
exchange rate behaviour have a strong substantiation in international finance research,
but highlight differing aspects of the market. A major weakness of a huge body of the
empirical literature on real exchange rates is that it routinely neglects the existence of
other competing nonlinear models in general, and the existence of the MSAR model
in particular. Although both models show some common characteristics, there have
been only few attempts to incorporate both in a single model that contains elements of
both, the deviation-dependent ESTAR model and the purely stochastic MSAR model.
One notable exception to this tendency is Sarno and Valente (2006) who consider a
generalized model in which both types of nonlinearities co-exist.

Our contribution to the literature is five-fold: First, we compare ESTAR and MSAR
models for real exchange rates indirectly from a unit root perspective. To the best of
our knowledge, we are the first to take this step. Alternatively, one may compare ES-

@.’D :



TAR and MSAR models directly, although this a very complicated task as both models
are non-linear and non-nested, but such an approach would rule out the possibility of
unit roots in real exchange rates. We shall not assume that PPP holds a priori by con-
sidering only stationary models. For the ESTAR model, we study the widely applied
unit root test suggested by Kapetanios et al. (2003).

In order to conduct a fair comparison of the two non-linear models, we propose a new
unit root test against a MSAR model with state-dependent autoregressive parameters.
This is our second contribution. All other existing unit root tests against MSAR (Hall
et al. 1999, Kanas 2006 and Kanas and Genius 2005) would not allow a fair compari-
son as they permit too many additional features like state-dependent means and error
variances. Our comparison is done by means of simulating the empirical properties of
the two tests under real world parameter constellations and by means of an empirical
application.

Thirdly, we explicitly study the case of misspecified alternatives in the following sense:
We analyze the properties of the ESTAR (MSAR) test, when the true data generating
process is an MSAR (ESTAR). This analysis enables us to draw conclusions about the
probability of confusing the two models in case of a rejection. Our simulation results
show that the ESTAR test is prone to reject the null hypothesis if the true model 15‘637(
MSAR. On the contrary, the MSAR test appears to be robust against ES nam-
ics. We emphasize that a rejection in favor of the ESTAR model sh ld{ﬁgk%r{ with
a cautionary note, while a rejection towards the MSAR modél ?éSS problematic. An
explanation for the different behaviour of the two te e way they deal with the
problem of unidentified parameters under theﬁl@@ othesis: the ESTAR test is based
on a Taylor approximation which m many types of non-linearity. Our sim-
ulation results show that the% odel indeed reproduces a type of non-linearity
which can be captured ind of Taylor approximation. On the contrary, the test
for MSAR a computatlonally intensive grid search method which is less
affected by A‘ﬁerent type of non-linearity.

Fourthly, we also consider the power properties of the two tests under correctly spec-
ified alternatives. Our results for the ESTAR test are in line with the literature on
low power of standard unit root tests like Sarno and Taylor (2002) in the sense that
this fact also holds for the unit root test against non-linear ESTAR. We provide some
statistical explanations for the the performance of the ESTAR test. In contrast, the
results for the power of the MSAR test are much more promising. This test enables
the practitioner to detect Markov Switching dynamics with much greater chance if the
true data generating process is of MSAR-type.

Fifthly, we apply the unit root tests to real exchange rate data of G7 countries against
the United States. Our results strongly suggest that the PPP adjustment mechanism
is driven by Markov Switching, while no evidence is found in favor of ESTAR.

The paper is organized as follows. Section 2 introduces the ESTAR model and the
considered unit root test against ESTAR models in more detail. In section 3 we propose
a new unit root test against a MSAR process. Section 4 contains our Monte Carlo study,
section 5 applies the unit root tests introduced above on six real exchange rates. Section
6 summarizes and concludes.

N1k
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2 Unit root test against ESTAR

In this section we review the ESTAR model (see Terasvirta 1994) and a popular test
for a unit root against the ESTAR alternative (Kapetanios et al. 2003). The particular
specification of the ESTAR model we consider, as used in several studies like Michael et
al. (1997), Sarantis (1999), Taylor et al. (2001) and more recently, Rapach and Wohar
(2006), is given by

Yt = Pryr—1 + et (1)

where ¢ is assumed to be a zero mean white noise process and ¢ is a time-varying au-
toregressive parameter. Its dynamics are determined by the smooth transition function
exp{—y(ys—1 — ¢)?} which is the source of nonlinearity in this model. The autore-
gressive parameter ¢ is bounded between zero and one and depends on a transition
variable y;—1, a smoothness parameter v > 0 and a location parameter ¢ € R.

The ESTAR model behaves locally like a random walk if the lagged real exchange rate
(yi—1) is exactly equal to ¢, since the autoregressive parameter ¢; equals one in this
case. If y;—1 departs from ¢, the process is stationary and therefore mean-reverting.
Despite the local non-stationarity of y;, the ESTAR model is globally stationary, see
Kapetanios et al. (2003) for a proof. In the exponential smooth transition model, the

degree of mean-reversion depends on the squared difference between y;_ 1 and c. In &8‘ -

nomic terms, if the real exchange rate was quite close to its long run eq ‘value
in the last period then it behaves like a random walk. Further e are driving
forces like arbitrage that lead to mean-reversion if the rea I@hge rate departs from
its long run equilibrium. Moreover, arbltrage rn proﬁtable if departures are
small as arbitrageurs face transactlon cost ore, the degree of mean-reversion
is small as well. The parameter v he shape of the exponential function and
therefore influences the se‘nsw@ ¢+ towards the deviation of y,—; from c.

Kapetanios e \e % suggest a modification of the Dickey-Fuller test for testing the
random Wm&lypothesm against ESTAR in order to increase the power of the standard
Dickey-Fuller test. Their test is based on the following test regression which is very
similar to the original Dickey-Fuller regression:

Ay = yi 1 +w )

with Ay = y+ — y¢—1. The nonlinear smooth transition function is approximated by
the cubic power y;—1. In this regression, the pair of hypotheses is now Hgp : ¥ = 0
(unit root) versus Hp : ¢ < 0 (stationary ESTAR). Kapetanios et al. (2003) suggest a
Dickey-Fuller-type test for this hypothesis given by

o~

T
P _ Zt:l yf—l Ay
~ N T ’
V@) RS

where 52 = % Zle(Ayt — Jyg’,lf is the usual estimator of the error variance. The
limiting distribution of the test statistic {xss is non-standard and asymptotic critical
values can be found in Kapetanios et al. (2003). Still, we also provide small sample
critical values in section 4.1. Deterministic components as a constant or a constant
and a linear trend are removed in a first step, i.e. one applies the test to previously
de-meaned or de-trended data. For further details, see Kapetanios et al. (2003).

®3)
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3 Unit root test against Markov Switching

We consider a MSAR model which has similar properties to the ESTAR model pre-
sented in the previous section. For an extensive discussion of MSAR models with error
correction see Psaradakis et al. (2001). The main difference between the ESTAR and
the MSAR model is, at least from a statistical viewpoint, the regime switching mech-
anism. Within the ESTAR model, regime switches are determined by past observable
values of y;—1, while the MSAR model is based on an unobservable stochastic Markov
process (s¢). Our specification of the MSAR model is given by

Yt = ds,Yt—1 + €t (4)

where the autoregressive parameter ¢s, depends on a first-order Markov chain (s¢)
that takes the values one or two. Furthermore, it is assumed that s; is irreducible and
aperiodic, i.e., it is characterized by the transition probability matrix

pi1 l1—pn
1—p22 p22
with p;; = P(s¢t = i|st—1 = 1) for ¢ = 1,2, being the probability that the process is in A K@AB
regime ¢ in period ¢, given that it was in the same regime in the previous period. 5’( -

Within the MSAR framework, Francq and Zakolan (2001) establis @@;srér?y and
sufficient condition for global stationarity of the MSAR moc&%‘l s given by the
following two inequalities ¢; < 1 and c2 < 2, Where \C

¢l = puoi +p22¢2 %@11 — p22)bi 3
5

e = p11%&\@&
Similar to the ES Ag@c}gl\ the MSAR model can also be locally non-stationary while
maintainin tatlonarlty Suppose that one of the autoregressive parameters is
equal to o whlle the other autoregressive parameter satisfies the condition for local
stationarlty, i.e., 1 = 1 and 0 < ¢2 < 1. In this case, global stationarity is still given
regardless of what values p1;1 and pag are.

As no unit root test against this specific MSAR model exists, we newly develop such a
test and make use of the results obtained by Francq and Zakoian (2001). The non-linear
MSAR model becomes a random walk when ¢; = ¢2 = 1. In this case, the condition
for ¢ is violated. Like in the other applications of Markov Switching models, testing
the linearity hypothesis is complicated by the presence of unidentified parameters (so-
called Davies (1987) problem) in this model as well. Here, the probabilities p11 and pag
are unidentified parameters when testing the null hypothesis Hqg : ¢1 = ¢p2 = 1. The
treatment of unidentified parameters follows Hansen (1996) and Garcia (1998) which
is explained below in detail.

Our test statistic is constructed similar to the one suggested in Caner and Hansen
(2001) who construct a unit root test against a Threshold Autoregressive (TAR) model
and also face the problem of unidentified parameters under Hy. For convenience, we
re-write the specification of the MSAR model we use in a Dickey-Fuller style i.e.,

Ayt = Qlisf,ytfl + et



where s, = ¢s, — 1. A one-sided Wald test statistic for Hp : 91 = 2 = 0 (unit root)
against Hj : 11 < 0 or ¥2 < 0 (stationary MSAR) is given by

R=1 (@1 < 0) 2 _g+1 (1?2 < 0) =0

where ¢y, —o denotes the conventional ¢-statistic for the null hypothesis that 1; equals
zero. 1(+) denotes the indicator function. Parameters are estimated jointly via maximum
likelihood. As mentioned above, the transition probabilities p11 and pa2 are unidentified
under the validity of the null hypothesis. In order to tackle this problem, we follow
Garcia (1998) and consider a sequence of test statistics R(p11,p22) where the transition
probabilities take values of a bounded grid IT = (0,1) x (0,1). This means that we fix
p11 and p2g at certain values and compute the test statistics R. We then proceed by
using other values for p;1 and ps2 and so on until we consider all possible values in 1.
As a next step, we consider the supremum of the random sequence of test statistics
R(p11,p22), i.e.,
R*= sup R(p11,p22) -
p11,p22€11

In our Monte Carlo study we provide critical values for the R* statistic. Regarding the
deterministic terms, we follow the procedure suggested by Kapetanios et al. (2003), see
our section 2.1. This means that data is de-meaned or de-trended before the unit B‘(%t

test is applied in order to cope with non-zero means or linear trends. 0&1‘
3
4 Monte Carlo study 0((\\05
co®
4.1 General approach -\“\C‘a\

The following Monte r‘)((\s%d(yis about the empirical power of the Dickey-Fuller
test, the unit ‘é@s@against ESTAR by Kapetanios et al. (2003) and the new unit
root test é@\)& MSAR under situations which are realistic in practice when analyzing
real exchange rates.

In a related study, Choi and Moh (2007) consider the behavior of various unit root
tests against different non-linear alternatives. Among these tests is the Kapetanios et
al. (2003) test, which are considered in this paper as well. Choi and Moh (2007) find
that all unit root tests have power against various non-linear alternatives. Whether a
test has power does not depend on the correct specification of the alternative but on
the distance to the null of a unit root. However, Choi and Moh (2007) consider idealized
parameter constellations and therefore obtain a satisfying power for each test. They
do not consider real world parameter constellations which are the focus of this paper.

Our Monte Carlo study addresses the question whether this might be due to a lack of
power of the developed tests under realistic situations rather than to a correct decision
of the test by not rejecting the unit root hypothesis. We consider whether the unit root
test against ESTAR has also power against Markov Switching processes and vice versa.

In general, unit root tests have good power properties in Monte Carlo studies relying
on parameter constellations which do not appear in the analysis of real exchange rates.
It is quite common to simulate processes with N(0, 1) innovations, but we account

-
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Table 1 Parameter estimation results

DEM/USD
ESTAR v =0.264, c = —0.007, 0 = 0.035
MSAR [¥1,%2] = [-0.074,0.007], [p11,p22] = [0.917,0.945], 0 = 0.028
c1 =0.995, co = 1.744
GBP/USD
ESTAR  ~ =0.449, ¢ = 0.150, ¢ = 0.033
MSAR [¥1, 2] = [—0.310,0.028], [p11,p22] = [0.300,0.860], o = 0.030
c1 = 0.971, co = 1.052
JPY/USD

ESTAR = 0.165, ¢ = 0.515, 0 = 0.033
MSAR  [1h1,1b2] = [~0.233,0.001] [p11, p2a] = [0.235,0.953], o = 0.030
1 = 0.982, cg = 1.093

Remarks: Estimated parameter values for DEM/USD, GBP/USD and JPY/USD
are taken from Rapach and Wohar (2006) for ESTAR models. Markov Switching
models are estimated via conditional maximum likelihood in Gauss.

for small standard deviations that are often found empirically, see Rapach and W
(2006). Another issue is that the location parameter ¢ in ESTAR mod

assumed to be equal to zero which is not correct in many practica Q;s elther
Kruse (2010) shows that this assumption may lead to a substantﬂ@l s'in power if it is
wrong. In order to obtain realistic parameter settmgs dfatfons are carried out using
data from the International Financial Statis @@ se from 1973:02 to 1996:12 for
the DEM/USD, FRF/USD, GBP/USD @E USD

Rapach and Wohar (2006) for }nodels Their reported estimates are very close
to those reported in Ta 2001). Due to the fact that the estimation results
for the DEM/U éie FRF/USD are quite similar, we do not consider the latter
currency i udy Since Markov Switching models are neither considered in Ra-
pach and Wohar (2006) nor in Taylor et al. (2001), we fit the Markov Switching model
described in section 3 to the same data set in order to achieve the highest degree of
comparability.

real exchange rates as done in

The exact parameter constellations are given in Table 1 for the three considered pairs
of currencies (JPY/USD, DEM/USD, GBP/USD). In each case we use first-order au-
toregressive models. An application of standard diagnostic tests® suggest that these
models are correctly specified. Starting with the ESTAR specification, we observe that
the smoothness parameter ~ takes quite different values ranging from 0.165 (JPY/USD)
to 0.449 (GBP/USD). Note that it is difficult to distinguish an ESTAR process that
exhibits a small value of v from a unit root process as yr = y;—1 + ¢ for v — 0.
Therefore, the expected power is low for the JPY/USD parameter constellation and
somewhat higher for the GBP/USD parameters. However, one should also bear in mind
that small changes of v near zero do change the behavior of the process significantly.
Therefore, we expect to find clear differences in the behavior of the tests for the dif-
ferent parameter constellations. The location parameter ¢ varies also across currencies,
while the estimated standard deviation of the error term o is very low and far away

5 Available upon request from the authors.
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Table 2 Small sample critical values

de-meaning

T = 250 tpr tkss R* T = 500 tpr tkss R*

1% -3.46  -3.46 2742 1% -3.44  -3.51  29.26
5% -2.88  -291 18.65 5% -2.87  -2.94 20.03
10% -2.57  -2.63 15.02 10% -2.57  -2.67 16.20

de-trending

T = 250 tpr tkss R* T = 500 tpr tkss R*

1% -3.99 -399 3153 1% -3.98 -4.01 32.85
5% -3.43  -349 2262 5% -3.42  -3.40 2298
10% -3.13  -3.12 1840 10% -3.13  -3.12 19.00

Remarks: tpr labels the Dickey-Fuller test, tkgs is the Kapetanios et al.
(2003) test against ESTAR and R" is the unit root test against MSAR.

from unity for each currency. The location parameter c is significantly different from
zero in each case although it seems to be rather small for some currencies.

Regardlng the Markov Switching model, we always find a stationary reg
ized by wl < 0 and a second regime with an autoregressive paramﬁzﬂ %@l 1s very
close to zero. The latter implies a random walk regime. The todel is globally
stationary for all pairs of currencies because the twog AGtPons (c1 and cg in Table
1) derived in Francq and Zakoian (2001) are @ﬁged see Table 1. Therefore, the
behavior of real exchange rates can be Jee la C% The state probabilities are also close
to one for the DEM/USD exc @ﬁe onsequently, the estimated MSAR model for
the DEM/USD exchan close to a random walk in both regimes which means
that the expect e& ﬁ)f the Markov Switching unit root test is low for this currency
pair. Th1 e\ 0 be seen by considering the values for ¢; and c2. They imply that
we can expect that the Markov Switching test has higher power when the estimated
model for the British Pound is considered instead of the one for the German Mark.
The estimated standard deviation is similar to that of the ESTAR models and thus
again far away from unity for each currency.

We simulate 2,000 replications of each process and apply them to the standard Dickey-
Fuller unit root test (denoted by DF) as a benchmark test, the unit root test versus
ESTAR suggested by Kapetanios et al. (denoted by KSS) and the Markov Switching
test proposed in section 3. The power is considered at the 5% level by using size ad-
justed small sample critical values obtained from 20,000 replications for sample sizes of
T = 250 and T = 500 which corresponds approximately to 20 and 40 years of monthly
data, respectively. Note, that we simulate processes of length 7'+ 100 and delete the
first hundred observations in order to reduce the effect of the starting value. We use
simulated small sample critical values for all tests and not just for the Markov Switch-
ing test in order to obtain comparability of the results. The size-adjusted critical values
for all tests are given in Table 2.

We conduct some size experiments for the proposed unit root test against MSAR at the
nominal significance levels of one, five and ten percent. The data generating process is

5 (@S



Table 3 Size experiments for the R* test statistic

de-meaning

T = 250 Expl Exp2 Exp3 ‘ T = 500 Expl Exp2 Exp3

a=1% 0.7 0.9 1.2 a=1% 0.8 09 1.1
a=5% 4.8 53 5.5 a=5% 4.8 5.1 5.3
a=10% 9.5 10.2 10.2 a=10% 9.6 10.3 10.4

de-trending

T = 250 Expl Exp2 Exp3 ‘ T = 500 Expl Exp2 Exp3

a=1% 0.6 1.1 14 a=1% 0.8 1.2 1.3
a=5% 4.7 52 5.6 a=5% 4.9 49 54
a=10% 9.7 10.4 10.1 a=10% 9.6 9.8 10.3

Remarks: R* is the unit root test against MSAR. The DGP is given by y; =
Yi—1 + ur with uy = pur—1 + €¢, where ¢ ~ N(0,1) and p = {—0.5,0,0.5} in
Expl, Exp2 and Exp3, respectively.

given by yr = yp—1 + ut with uy = pug—1 + &, where 4 ~ N(0,1). The three different 63‘\ .
experiments (Expl, Exp2 and Exp3) cover the cases p = {—0.5,0,0.5}. Results are A’( A K
reported in Table 3. The results show that the new test has accurate nominal size&%;l -

that the distortions are small. 0’&1\

Regarding our power experiments, we consider both, correc A?ﬂgsLs;)eciﬁed models.
To this end, we simulate MSAR and ESTAR mode gﬁe\z\sponding to the parameters
we found for real data, see Table 1. It shou]i?@& d, that the alternative is misspec-
ified for the standard Dickey-Fuller tﬁﬂ(’f@ 1

A\ e

considered models.

4.2 Main resultay 5\(\6
X\ \

In this subsection, we discuss the power results for the non-linear unit root tests. Table
4 gives the power for a sample size of T' = 250 observations. We consider all non-linear
unit root tests after de-meaning as well as after de-trending as both type of deter-
ministic terms can be reasonable for real exchange rate data. Note, that we include
a constant or a constant and a linear trend term in the Dickey-Fuller test regression.
However, the results are rather similar in both cases. The ESTAR test has no remark-
able power against any of our models. Interestingly enough, the standard Dickey-Fuller
test has higher power against ESTAR than the ESTAR test for the JPY/USD and the
DEM/USD in the de-trended case.

However, the power of all tests is extremely low when the true DGP is an ESTAR
model in any case. This also holds for the Markov Switching test. When the true
DGP is ESTAR, the Markov Switching test proves to be conservative. In opposition
to the ESTAR test, this is a rather convincing test property as a non-rejection of the
test is the desired property for a correct model selection. Unfortunately, the ESTAR
test has power against the Markov Switching model. In each case it is at least in the
same region as the power against ESTAR models. For the GBP/USD it is far higher
for the Markov Switching alternative than for the ESTAR alternative. Only for the
DEM/USD exchange rate, the power of the tests is quite low. This is expected as the
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Table 4 Empirical power, T' = 250

de-meaning tpr tkss R* de-trending tpr tkss R*

JPY-ESTAR 105  10.1 2.6 JPY-ESTAR 8.2 7.0 9.2
JPY-MSAR 7.6 10.3  39.5 JPY-MSAR 6.1 6.7 37.7

DEM-ESTAR 11.2 129 2.7 DEM-ESTAR 9.1 7.8 9.3
DEM-MSAR 12.0 8.9 16.6 DEM-MSAR 7.5 5.3 134

GBP-ESTAR  14.3 157 48 GBP-ESTAR  10.2 10.5 10.5
GBP-MSAR 20.1 35.8 87.1 GBP-MSAR 115 245 79.7

Remarks: tpr labels the Dickey-Fuller test, tkss is the Kapetanios et al. (2003)
test against ESTAR and R™ is the unit root test against MSAR. JPY-ESTAR is
the simulated ESTAR model with parameters according to JPY/USD real exchange
rate, see Table 1. The other entries are analogous.

Table 5 Empirical power, T" = 500

de-meaning tpr tkss R* de-trending tpr tkss R*

JPY-ESTAR 16.1 18.8 2.0 JPY-ESTAR 114 10.8 20.1
JPY-MSAR 164 196 746 JPY-MSAR 9.3 11.2 709

DEM-ESTAR 223 29.7 2.2 DEM-ESTAR 134 142 21.7
DEM-MSAR 22.8 11.6 42.3 DEM-MSAR 13.1 7.5 30.8 61

GBP-ESTAR  30.5 49.1 1.9 GBP-ESTAR 224 239 237 '& )
GBP-MSAR 50.1 63.5 92.3 GBP-MSAR 31.6  49. ln }5&920

Remarks: tpr labels the Dickey-Fuller test, tkss is the Kapctam tQ’l3 2003)
test against ESTAR and R™ is the unit root test against ESTAR is
the simulated ESTAR model with parameters accordm v% SD real exchange
rate, see Table 1. The other entries are analogous\

o
Markov Switching mod 1!\“(% to a unit root in this case. The Markov Switching test
has satisfying \bﬁﬁt\@f\%opertles. Its power is quite high against a Markov Switching
DGP exc@ he DEM/USD exchange rate where a low power is expected because

of the near unit root structure of the DGP. On the other hand it has low power against
ESTAR models. The DF test has similar power properties to the ESTAR test.

Similar results can be observed for T' = 500 (see Table 5). As expected, the power is
generally higher compared to T" = 250 but the results are qualitatively the same as
before. The results for the de-trending case are qualitatively similar to those of the
de-meaning case although all tests have less power under de-trending. This is expected
as another deterministic parameter has to be fitted under de-trending. Unfortunately,
the Markov Switching test is no longer conservative under de-trending when the true
DGP is ESTAR. However, its power is still low and within the range of the ESTAR test.

Altogether, we can say that there is no ESTAR test which dominates in terms of power.
It is argued, however, that the ESTAR test has rather poor power against ESTAR
with our parameter constellations which are realistic for real exchange rates. In some
constellations the power of the ESTAR test is even better for the Markov Switching
alternative. As a result, by not rejecting the Null, this ESTAR test do not allow us to
conclude that the null hypothesis unit root is correct and therefore we cannot reject
the purchasing power parity hypothesis. However, when rejecting the Null we cannot
conclude that the true model is ESTAR either.

N1k
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4.3 Discussion

A natural question which arises out of the results in section 4.2 is why especially the
ESTAR test has so poor power properties. Figure 1 sheds light on this problem. In
these graphs, the transition function of each estimated ESTAR process based on real
data and parameters reported in Table 1 are depicted together with corresponding data
points. Almost all data points are in the region where the transition function is close to
its maximum. There are no data points at the tails of the function. Close to the maxi-
mum of the transition function the process behaves similarly to a unit root process or a
highly persistent local-to-unity autoregressive process. The mean reverting property of
the non-linear time series model has a strong effect only in the outer regimes away from
the equilibrium. Therefore, for the vast majorities of data points, the process behaves
like a linear unit root process. This makes it hard or almost impossible for the tests to
detect the non-linear mean reverting behavior of the DGP, given the sample sizes we
consider.
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In additi B@‘Ql s, our simulation study shows that the ESTAR test has similar power
properties against ESTAR as against MSAR models. To intuitively explain this finding,
we generate plots of y;—1 against the first difference Ayy = y+ — y;—1 for ESTAR and
MSAR simulated time series generated from our parameter constellations and estimate
the functional relationship between Ay; and y;—1 in a non-parametric way by using the
Naradaya-Watson estimator, see Figure 2. If the ESTAR effect is strong, the estimated
curve should be near a cubic function. If the time series process exhibits a unit root,
it is flat and identical to zero. As we can see, the cubic behavior is clearly pronounced
for the simulated DEM/USD and GBP/USD real exchange rate and less pronounced
for the simulated JPY/USD real exchange rate which is in line with our parameter
settings. Moreover, it is that both functions, the ESTAR and the MSAR function, are
rather similar and quite close to each other. The MSAR process generates also a cubic
shape for this function which is similar to the ESTAR model. Loosely speaking, the
idea of the Kapetanios et al. test is to check whether this function has a cubic shape or
not, it detects the cubic form also for the MSAR process. As both functions are close
to each other, the power is similar for both models.

This shows that the present tests are not able to detect ESTAR non-linearities as
they are found in real exchange rates. Although the tests have convincing properties in
many situations, they prove to have a lack of power under the very special parameter

1A
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conditions which can be found in real exchange rates. It is rather difficult to draw any
conclusion from the outcome of an ESTAR test under these conditions. Neither does
a non-rejection of the Null mean that the true DGP which drives real exchange rates,
is a linear unit root process nor does a rejection of the Null mean that the true DGP
is actually an ESTAR process.

Finally, we discuss our results in the light of the generalized nonlinear model used in
Sarno and Valente (2006). The authors apply a hybrid model which exhibits a complex
nonlinear dependence structure: the switch between regimes is driven by a Markov
switching process and not only autoregressive parameters are regime-dependent but
also intercepts and variances are. Moreover, within each regime, an ESTAR-type of
nonlinear adjustment takes place. This model is able to take many more features of
the data into account than the restricted and much simpler models we consider in
this paper. As the ESTAR process does not influence the regime switches, as opposed
to the Markov Switching process, the nonlinear dynamics are mainly driven by the
latter one. Therefore, it may be expected that the nonlinear unit root tests behave not
too differently from what is observed for MSAR processes. Our conjecture is that the
MSAR unit root test has satisfying power against data generated from this general
nonlinear process, while the ESTAR unit root test has less power.

5 Application A.?) fL‘
This section applies the unit root tests studied in the \%arlo simulations to the G7
exchange rates. Thus, we examine non-linear{ @Ql he real exchange rates of the US

Dollar against the Canadian Dollar Q,ﬁ wiss Franc (CHF), German Mark (DEM),
British Pound (GBP), Itallan (ﬁ\&) and Japanese Yen (JPY). Data is taken from
the IMF Internatlona jn\iricial Statistics database. Price levels are measured by the
consumer pri CPI). The sample covers the post-Bretton Woods period from
1973.01 t@l\g@

set is chosen to achieve comparability to other studies and has the advantage that po-
tential structural breaks that might have occurred due to the introduction of the Euro
are excluded and thus not biasing our analysis. All time series seem to be persistent and
locally trending, see Figure 3. The estimated partial autocorrelation functions (graphs
are available upon request) indicate that all time series can be modelled by first-order
processes.

uro introduction 1998.12 implying a sample size of T' = 312. This data

Next, we apply the standard Dickey-Fuller regression including a constant, i.e.,
Ayr =c+ pye—1 + w

and test for linearity in the residuals ;. Linearity is tested by (i) the neural network
test proposed by Lee et al. (1993), (i¢) Ramsey’s RESET test (1969) and (éi:) the
BDS test for independence by Broock et al. (1996). These tests assume stationarity
which is crucial when applied to real exchange rates themselves but not when applied
to residuals. Results can be found in Table 6. They show that the linearity hypothesis
has to be rejected in many cases. This also means that the Dickey-Fuller test regression
neglects important non-linearities and is therefore misspecified for testing PPP.

@.’D
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Test PUEAD CHF DEM GBP ITL JPY
Linearity tests (p-values)
NN 0.007 0.008 0.028 0.535 0.745 0.038
RESET(2) 0.885 0.204 0.118 0.185 0.243 0.038
RESET(3) 0.727 0.356 0.053 0.147 0.288 0.228
RESET(4) NA 0.344 0.025 0.065 0.014 0.005
BDS(2) 0.135 0.006 0.054 0.008 0.012 0.408
BDS(3) 0.033 0.016 0.178 0.013 0.001 0.216
BDS(4) 0.045 0.007 0.270 0.009 0.000 0.210
Unit root tests (test statistics)
tpr -0.10  -2.47 -1.92 -2.17  -1.84 -1.94
tkss 0.08 -2.54 -1.36 -2.46 -2.10 -2.45
R* 247 1583 14,55 29.24 18.36 59.45

Notes: NN denotes the neural network test statistic by Lee et al.
(1993). Hochberg’s improved Bonferroni bound is used with one hun-
dred draws to obtain reliable p-values for the neural network test, see
Lee et al. (1993). RESET(m) is Ramsey’s (1969) test statistic with
terms up to power m + 1. BDS(n) is the Broock et al. (1996) test
statistic for independence with embedding dimension n. For unit root
tests, see Table 2.
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Moreover, we in{\g\i@te the non-linearities by estimating the functional relationship
between d y¢—1 in a non-parametric way by employing the Nadaraya-Watson
estimator. Figure 4 shows these estimates. Only for the CAD/USD the estimated curve
is very flat suggesting that there is no relationship between Ay; and y;—1 which hints

-0.04
-0.04

at a unit root. All other plots suggest mean-reversion and the functional relationship
appears to be non-linear.

As the last step, we apply the previously analyzed unit root tests to the six real ex-
change rate series in order to test empirically for the validity of PPP. Since all time
series appear to be first-order processes, we do not include any lagged differences in
the test regressions. The Dickey-Fuller regression contains a constant, while de-meaned
data is used for the non-linear unit root tests.

The resulting test statistics are reported in the lower panel of Table 6. Neither the
linear unit root test by Dickey and Fuller (1979) nor the non-linear unit root test by
Kapetanios et al. (2003) are able to reject the null hypothesis of a unit root at the
ten percent level of significance. These results contradict the validity of PPP since
there is no mean-reversion when a unit root is present. On the contrary, the new test
against MSAR rejects the Null in favor of a stationary MSAR model in four out of
six cases. When having the outcomes of our preliminary analysis in mind (see Figure
4), it is not surprising that the unit root hypothesis cannot be rejected in the case
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of CAD/USD. In addition, we note that the R* statistic for the DEM/USD is quite
close to the critical value of 15.02 which means that the test decision is borderline. Due
to the fact that the Markov Switching unit root test does not have substantial power
against ESTAR, especially in the case of de-meaned data, it is legitimate to conclude
that there is no evidence for ESTAR dynamics in the data. Markov Switching seems
to be a more plausible model for explaining the dynamics of real exchange rates.

6 Conclusions

This paper provides a thorough comparison of two competing nonlinear models for de-
viations from PPP. Our focus is on the ESTAR model which is the prominent workhorse
in empirical applications and a Markov Switching model. The latter model has been
applied to real exchange rates only recently and gained less attention in the related
literature so far. Both models of real exchange rate behavior have a strong foundation
in international finance, but they are based on different regime transition processes.
While the transition is stochastic and independent from the deviation from PPP for
the MSAR model, it is deterministic and depending on the deviations from PPP for
the ESTAR model. A61

Our comparison is conducted from an indirect unit root perspectlv aéL@gxs%a‘ll not
assume stationarity a priori. This framework enables us comparg’ Wwo models with
frequently applied unit root tests for real exchange raﬁi\@% there is no simple unit
root test against MSAR which is available in é@ eeded here, we propose a new
test that builds upon inference technlq, ped by Hansen (1996) and refined by
Garcia (1998). This brings us @\?BK of this research, which is to compare ESTAR
and MSAR tests in a b é‘l study showing that the ESTAR test has low
power, whereas th test seems to be much more powerful. Moreover, we observe
that EST %re not robust with respect to Markov Switching dynamics, i.e. mis-
specificatidn f the alternative, while the opposite holds for our newly developed test.
This means that a rejection of the unit root hypothesis by an ESTAR test, if any oc-
curs, does not necessarily contain information about the type of non-linear adjustment
to equilibrium.

Finally, when applying these tests to major real exchange rates, we find that the ES-
TAR test does not reject the unit root hypothesis for any currency pair. This indicates
that either PPP does not hold - which is not very plausible from an economic point
of view - or that is due to the low power of the ESTAR test under realistic parameter
settings. The question arises whether the exchange rates are well described by an ES-
TAR process. Our results cast some doubt on this.
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