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Abstract

Two extensions of a parametric model are proposed, each one involv-
ing the score function of an alternative parametric model. We show
that the encompassing hypothesis is equivalent to standard conditions
on the score of each of the extended models. The condition on the ...rst
extension gives rise to the standard score encompassing test, while the
condition on the second extension induces a so-called reversed score
encompassing test. A similar logic is applied to the likelihood ratio,
generating a likelihood ratio and a reversed likelihood ratio encom-
passing test. The ensued test statistics can be based on simulations
if certain calculations are too diC¢cult to carry out analytically. We
study the ..rst order asymptotic properties of the proposed test statis-
tics under general conditions.
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1 Introduction

Speci..cation tests of parametric models are a central theme in the economet-
ric literature. A standard approach is to confront a given parametric model
with another, often non-nested, parametric model (see Gouriéroux and
Monfort [1994] for a review), and therefore such tests are oriented towards
this particular alternative model. The constraint underlying most of these
tests is in fact the encompassing condition (see e.g. Mizon and Richard
[1986], Hendry and Richard [1990], Smith [1994], Gouriéroux and
Monfort [1995], Dhaene [1997], Dhaene, Gouriéroux and Scaillet
[1998]), but not always (see Vuong [1989]). Another approach exploits mo-
ment conditions implied by the model under test without having a speci..c
alternative model in mind. Information matrix tests (White (1982)) and un-
conditional and conditional moment tests (Newey [1985], Tauchen [1985],
Bierens [1991]) are examples of the latter approach.

The approach taken in this paper falls into the former category. An
arbitrary conditional parametric model is tested against another arbitrary,
possibly non-nested, conditional parametric model. We expand on results
reported in Gouriéroux and Monfort [1995] and Dhaene [1997], where
score and likelihood ratio encompassing tests were proposed. These tests, and
the new tests we propose, are generated by exponentially tilting the model
under test in two alternative directions, each one involving the score function
of the alternative model. Intuitively, the new tests are obtained from revers-
ing the roles of the true distribution generating the data and the pseudo-true
distribution of the model under test. This leads to what we call reversed
score and likelihood ratio tests. The tests rely on simulations in order to
avoid the need for analytic calculations of certain expectations in any par-
ticular application. In a recent paper, Chen and Kuan [2000] propose what
they call the pseudo-true score encompassing test for non-nested hypotheses,
which is based on essentially the same idea of reversing the roles of the two
distributions just mentioned. The main dicerences with the present paper
are as follows. We provide a heuristic argument, based on model extensions,
which uni..es the standard and the reversed score tests. Furthermore, we
also apply the idea to the likelihood ratio test, we consider nested as well
as non-nested hypotheses, we propose simulation-based versions of the tests,
and provide robust asymptotic theory.

The framework is briety presented in Section 2. Section 3 introduces
two extensions of the model under test, obtained by exponential tilting. It
also restates the encompassing condition in terms of these extensions and
gives the intuition underlying the reversed score and likelihood ratio tests.
The basic test statistics are presented in Section 4. Their ..rst order asymp-



totic properties are studied in Section 5, in descending order of generality.
Section 6 concludes.

2 Framework

We consider an arbitrary pair of conditional, possibly non-nested, possibly
misspeci..ed, parametric models for independent and identically distributed
data.

Let X and Y be random vectors taking values x and y in R¥ and IR,
respectively, and let Px be the true marginal distribution of X and Py jx the
true conditional distribution of Y, given X. Assume that the available data

C=fF;®)j®2 - % IR"gand H = fF4( )j 2 — % IR"g be parametric
models of Pyjx. It is assumed that the distributions Fs(®), F4( ) and
Pyjx admit conditional density functions fs(yjx; ®), fu(yjx; ) and po(yjx),
respectively, relative to some measure * not depending on x, ® and . It is
also assumed that the expectations of the log density functions exist whenever
they are taken.

Accounting for the possibility that G is misspeci..ed, i.e. Pyjx & G, and
likewise for H, it is of interest to de..ne the pseudo-true values of ® and
with respect to Px and Pyjx (see e.g. Sawa [1978]):

®y = arg max ExEplog fs(Y jX;®)
—®
o = argmax ExEo log iy (Y jX;7);

where the mathematical expectations Ex and Ey are taken with respect to
Px and Py jx, respectively. We assume that ®, and , exist, are unique and
interior to —g and —-—, respectively.

We shall be interested in testing G against H. Therefore, we also de..ne
the pseudo-true value of ~ with respect to Px and Fg(®),

o = argmax ExEe log f (Y jX; 7);

where the mathematical expectation Eg is taken with respect to Fg(®). We
assume that  exists, is unique and interior to —— and is continuously dicer-
entiable with respect to ®. By de..nition, G encompasses H, written G E H, if
0= @, Itiswell known that the implicit null hypothesis of many tests of G
against H is characterized by the condition that GE H. See e.g. Mizon and
Richard [1986], Gouriéroux and Monfort [1995], and Dhaene [1997].



Note that the underlying distributions Px and Pyjx are crucial in deter-
mining whether or not G E H. The score functions of G and H are de..ned
as

Sc(Yjx; ®) = @% log fs (yjx; ®)
and 0
sh(yix; ) = N log fri(yjx; ),

respectively. It is assumed that the score functions are continuously dicer-
entiable in the parameters, that their expectations exist whenever they are
taken, that

ExEosg(YjX;®) =0 onlyif ® = ®y;
ExEosu(YjX; ) =0 onlyif = ="
ExEesu(YjX; ) =0 onlyif — = ;
and that the matrices ExEoq[Sc(Y jX;®0)s5(Y jX;®0)], ExEolsn(YjX; o)

sL(Y jX; o)l and ExEe[sn(Y jX; e)sh(Y jX; )] exist and are positive def-
inite. Then, de..ning the score quantity

S1 = ExEosn(Y X, g,)
and the likelihood ratio (LR) quantity
I; = ExEollog fu(Y jX; ) 1 log (Y jX; o)l

it is obvious that GE H is equivalent to s; = 0 and also to I; = 0. This
property has led to the development of score encompassing tests, based on
estimates of s; (Gouriéroux and Monfort [1995]), and LR encompassing
tests, based on estimates of I; (Smith [1994] and Dhaene [1997]). The
purpose of this paper is to introduce tests that are based on quantities similar
to s; and Iy, in particular the quantities obtained from s; and 1, by reversing
the roles of Pyjx and Fg(®,). A heuristic argument for doing so is presented
in the next section.

3 Model extensions
Consider the following extension of G:

Gy = fF3(®;.1)J (®;.1) 2 -s £ R"g;



where the distribution F}(®; . 1) has the following density function relative
to 1:
fo (yiX; ®) exp(. 1SH(YiX ).

Ee eXp(. 1SH(YiX;  @,))

The density fl(yjx;®; . 1) is obtained from fs(yjx; ®) by exponential tilting
(Barndorff-Nielsen and Cox [1989]). Observe that G 2 G; and that the
parameter vector (®; 1) need not be identi..ed. Instead of putting = ¢
in the random vector sy (Y jX; ), one may alternatively put =, leading
to another extension of G:

fi(yjx;®; 1) =

G, = TFE(®;,2)j(®;.2) 2 -9 £ R"g;

where the distribution FZ(®; ,») has the following density function relative
to 1:

fo (yix; ®) exp(L 55k (YiX; o).

Eao eXp(LoSH(YiX o))
The density f2(yjx;®; ) is also obtained from fs(yjx;®) by exponential
tilting, but in a dicerent direction. As before, G ¥2 G, and (®; ,,) need not
be identi..ed. The motivation for considering the extended models G; and G,
comes from the following proposition.

f2(yjx;®; ,5) =

Proposition 1 The following equivalences hold:

GEH (O ExEglogfi(YjX;®; 1) has a local maximum at (®; ,1) = (®o;0)
O  ExEesn(YjX; &) =0;

GEH O ExEglogfé(YjX;®;,>) has a local maximum at (®; ,,) = (®o;0)
O  ExEesu(YiX; o) =0

Proof. The score functions associated with G, and G, are

o : - 1
Eelsc(Y jx; ®) exp(,15n(Y jX; g,))]
Ex exp(. 15 (Y X g,)) E

o - EalSn(Y % " a,) exp(L1SH(Y X a,))]

Sc(YjX; ®) i
sz (Yjx; ®; 1) =

and

Ealse(Y jx; ®) exp(bs(Y i )]
Ep exp(0s1(Y X, o) E

Ealsu(Y iX; o) exp(L5su(Y ix; o)) &
Eq exp(Llsn(Y X o))

(@]
Sc(YjX; ®) i
S2(Yjx;®; ,0) =

sh(YiX; o) i



respectively. Putting (®;.1) = (®;.,) = (®;0) and taking expectations
yields

1 .. . _ ExEOSG(YjX;@O) i ExE®OSG(YjX;®Q)
ExEosg(Y jX;®;0) = X ExEosu(Y jX; g,) i'ExE®OsH(YjX;_®O)
= O .

ExEosH(YjiX; &)
and B
A (YjX;®) i ExE (Y'X®)!
2 v i B Y — ExEoSc(Y JX;®) i ExEeySc(Y JX;®
EXEOSG(YJX,®0,O) - A EXEOSH(YjX;_o) iIEXE®05H(YjX;_0)

0
EX E®OSH(Y JX ; _0)

Given the assumptions made earlier, it follows that GE H if and only if
the functions ExEglog f2(Y jX;®; ,1) and ExEqlog f3(Y jX;®; ,,) have a
stationary point at (®;_.1) = (®;0) and (®;.,) = (®;0), respectively.
Now we need to show that, if = 4, the stationary point (®;0) is
indeed a local maximum of the functions involved. First, .xing .1 = 0,
ExEolog f2(Y jX; ®; 0) attains a global maximum at ® = ®,, by de..nition.
Secondly, ..xing ® = ®,, we ..nd, if 5= ¢
. . "

WEXEO log F2(Y jX;®q; . 1) i = §ExEo[sn(Y jX; o)sh (Y iX; o)l

Ol

The latter matrix is negative de..nite by assumption, hence Ex E, log f&(Y jX;
®g; . 1) attains a local maximum at _; = 0. The proof is complete by noting
that the functions f¢ and f¢ are identical when ~; = " . (Q.E.D.)

The proposition is in several respects similar to Theorem 1 in Chesher
and Smith [1997], which restates moment conditions in terms of an extended
parametric density. Here, an encompassing condition is restated in terms of
extended parametric densities. The proposition shows that GE H if and
only if the extensions of G carrying the score function of H do not alter the
pseudo-true value associated with G, at least not locally. In a sense, the
extensions are thus inecective in bringing G closer to Pyjx, according to the
Kullback-Leibler (1951) Information Criterion. Further, the condition
G E H is restated in terms of properties of the score function sy in relation to
the distributions Pyjx and Fg(®p). Interestingly, the two properties mirror
each other in the sense that each one, compared to the other, reverses the
roles of Pyjx and Fg(®p). After all, this should not come as a surprise since,
for given ®,, the distributions Py jx and Fg(®o) play a symmetric role in the
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de..nition of encompassing. Thus, we are led to de..ne the reversed score

quantity
S, = ExE®OSH(YjX;_O);

and, applying the same logic, the reversed LR quantity
l» = ExEeo[log fH(Y jX; o) i log Fu(Y jX; )]

The quantities s, and |, share the property with s; and |, that GEH is
equivalent to s, = 0 and also to I, = 0. This property enables us to develop
reversed score encompassing tests, based on estimates of s,, and reversed LR
encompassing tests, based on estimates of I,.

One may wonder whether the same reasoning of reversing the roles of
Pvijx and Fg(®) can also be applied to the Wald encompassing test to
yield something interesting. The Wald encompassing test (Gouriéroux
and Monfort [1995]) is based on estimates of the Wald quantlty de.. ned as
Wi = (i @ IhereversedWald quantity would thenbew, = ¢ i (=
i W1, which obviously does not lead to an interesting new test. The reason
for this ..nding is that Py;x and Fg(®) play similar roles in wy, apart from
the sign. Hence, reversing their roles doesn’t lead to anything new. Looking
back now at s; and I, we clearly see that Py;x and Fs(®,) play essentially
dizerent roles. This is why reversing them happens to be fruitful.

4 Test statistics

Given the sample (X¢; V), t=1;:::; ; T, of independent observations from Px
and Py jx, we seek to develop tests of the hypothesis that G E H. It follows
from the properties derived in the previous section that estimates of the
guantities s;, l1, s, and I, and of their covariance matrices naturally lead to
tests of G E H. Note that this hypothesis is weaker than the hypothesis that G
is correctly speci..ed, i.e. Pyjx 2 G. Hence estimates of the same quantities
are also suited for testing the hypothesis that G is correctly speci..ed. A
distinguishing feature between tests of G E H and tests of Pyjx 2 G is that,
for the latter tests the distribution theory is usually based on the assumption
that G is correctly speci..ed, whereas for the former tests the distribution
theory can at most be based on the assumption that G E H. The distribution
theory presented in this paper considers the most general case, i.e. where G
possibly does not encompass H.
The pseudo-maximum likelihood estimators ® and ™ solve

1 X )
max ? Iog To(YijXt; ®)
—®



and

1 X L
mzzB( T . log fu(YXes );

. : oo . h .
simulated pseudo-maximum likelihood estimator ™4 is de..ned to solve

13X N
max = log Tu(y; (®)x ):

t=1

. . . h ag: — h g — )
Under similar regularity conditions, *g ¥ ~¢ and ™5 % ®- Here and in
the sequel, stochastic limits are takenas T ¥ 1., with H ..xed, possibly at
1. Then, de..ne the simulated score and reversed score statistics as

1 K Ah

S = — Su(YdXe,  e);
TH o1 ®

$ X VP ®)ixe ™)

2 = = SHY. Xt )
TH o1 '

respectively, and the simulated LR and reversed LR statistics as

1 XX . h ) >
fi = T log Fu(yejxe; "s) i 109 Fri(yixe, ™) ;
h=1t=1
1 XX ) i h *
b= — log Fr (Y ®)ixe; ™) i log Fu(y!@®)ixe; "s) ;
h=1t=1

respectively. We have & ¥ s;, & ¥ s, f; ¥ I, and f, ¥ I,. The ..rst order
limit distributions of $;, $», f\l and 1\2 are investigated in the next section.

5 Limit distributions

We need to introduce some additional notation. Let
1 X )
lc(®) = = log fo(yijxe; ®)
T t=1
and

1 X o
() =5 logfu(yixe )

t=1

7



be the normalized log likelihood functions of G and H based on the observed
data (X¢;yp), t=1;:::;T, and let

X
BCiO) =1 log fuly! @)ixi )

t=1

be the normalized log likelihood function of H based on the simulated data

tions

5s(@) = @%IG«@);
sn() = @@—IH(_);

and

SHCi8) = ZILC:0):

5.1 Limit distributions under general conditions

For su€ciently large T, ® satis...es the ..rst order condition sg(®) = 0. Ex-
panding sg(®) in a Taylor series around sg(®p), taking the probability limit
of [@sc(®)=0®"]g=e, and rearranging yields the well known result (White
[1982)]) p_ P—

T(@ i ®Q) = TKG' Sg(®0) + Op(l);

where " #

@
Ks = iExEy —Sg(®
¢ = 1ExEo 0@ c(®) omon
Similarly
' P— _ P— .
T(A i 0= TKi'su(o)+ 0p(1);
where " #

Kn = i ExEo %SH(_) I

0]
and
P— an  _ P— .
T(Ceo i a0) = TRESH( s, ®0) +0p(1);
where " g #
RKi = 1 ExEag, WShH(_?C@)

®=®; = ®



. h h .
Further, expanding *s around g, yields

P— Ah — P— Ah — P—
TCoi o) = TCai &)+ TB®i ®)+o0,(1)

= TRE'SI( gy ®) + BKEs5(®) + 0p(1);
where (see Dhaene [1997])

B= -2 = R} Jae;

with
#

Jic = ExEe, @;@_ log fH(YjX;_)% log 5 (Y jX; ®)

®=@p; = ®p

Now, expanding sH(’A;) around sy ( o,) gives

P_
p— p— T X h o _
TG1is1) = TEH( )i S1)i H Kﬁ(A® i @) T 0p(1)
h=1
p— P— .
= T(sn(a) is) i TKaBKd'se(®)
P— L1
i TKaRES  s{(Cayi ®0) +0p(D);
h=1
where " #
@

®p

Kag = i ExEo FSH(_) B
Expanding sP,("; ®) around sP,(",; ®) gives
P g

pf(éz i52) = 5 SA(0i®) i %) i pTKH(A i o)
h=1

TJhe(® i ®o) +0p(1)
P_
TX p_ o
= 5 6@ is)i TRuKj'su()
h=1
+PT oK se(@) + 0,(1);

where

Jue = ExEe, @;Q—|09fH(YJ'X;_)%|0ng(YjX;®) o =Jy
Ll # )

¢ sh(:®)

Ru = iExEe, W
®=®p; =



This completes the asymptotic expansions for &; and &,.. Turning to fi,
. Ah .
expanding In("'e) around Iy ( ) gives

p_
_ _ >
PO i = TT0kCe) i i+ suCa)Ca i )
h=1
i pTSH(_o)O(A i o) +0p(1)
= PT00Ce0) 0o i )+ TSIBKE 's6(80)

P— X
+ Tle sH(®O;®o)+op(1);

H

where it was used that sy (") “F 0. Finally, for f5,

P-4 P—
P— T X T X _
Thil) = 5 (hCoi®) i MCai®) i k) +  siCoi®)( i 7o)
h= h=1
pT X oAb P— .
vy SH(®0;®0) Co i o) T T(ron i *or) ® § ®) +0,(1)
h=
P 3 P,
= T (IBC0®) i INC e ®) i )+ TsHKitsu( o)
p_= _
+ T(¥en i *er)'Kd'ss(®o) + 0p(1);
using si("g,; ®o) ¥ 0, with
" . 4
!'GH = EXE®0 |09 f(;(YJX ®) |09 fH(YJX, 0) ;
..@® §=®o
bon = ExEay - logfa(YX:®) log Fu(YX: o)
@® ®=®o

To summarize the expansions, let
O 1

(0] 1
81 S1
A BHE _Bs &,
dz%ﬁg' d‘gfi'
f, l,

10



Sc (YiJXt; ®o)

(0] 1
SH(YdXe; o)
SH(YXt: e,) i St
P . _
Wy = ﬁ E}zl s (®o)iXe; o) i S2 ;
ﬁ hey SH(YP(®o)iXe @)

log Fr(YuiXt; @) 1 109 Fr(ydXe o) i It
P . P .
ﬁ hey log Fa (P (®o)ixe o) i ﬁ hey log Fa(yy (®o)jxe ®) 1 12

and
(@) i i 1
i KaBKJ?! 0 I 0 iKgKi' 0 0
JneKd? i KiK't 0 1 0 0 0&
$|BKd! 0 00 SKI'* 10¢
o i Yon)KEt SIKEY 0 0 0 01
Then,
P— 1 X
TA@id=pP= Aw+0,(2):
T =1
Observe that Ex Eqw; = 0. Assuming the existence of V. = Ex Eq(wwy),
P

T@id 1 N©AVAY:

by the central limit theorem. Note that all the submatrices in é can be
consq;ently estimated, and he A itself, by replacmg ExEo by & T —1, Ex
by 1 T t_l, Ee, by Ee Or by 5 h=1 and using y; h(@®) in place of y;, ® by ®,

Toby T, T, by & Ph e and (91,92,1'\1,1'\2) by lgl,sz,ll, l,), successively.
Similar replacements in w; yield w; and ¥ = Tl = WW! as a consistent
estimator of V. A consistent estimator of AV A’ follows

Inspection of Aw; reveals that no general asymptotic equivalences hold
between subvectors of d. More precm'gy, there does not exist in general
a ..xed non-zero matrix C such that TC(d i d = op(1), because V is
not of reduced rank in general and A has not reduced row rank in general.
This implies, in particular, that no general asymptotic equivalences exist
between &, &, {1 and f>. This ..nding, and the full characterization of the
joint ..rst order limit distribution of &y, $, 1\1 and i\g opens perspectives for
jointly exploiting the evidence contained in these statistics against any of the

11



hypotheses G E H and Pyjx 2 G, thereby gaining in power compared to the
standard score or LR test. The unresolved problem for doing this is to control
the (asymptotic) size Bf f the joint test. A fully joint test would typically take
a quadratic form in T4, weighted by a consistent estimate of (AV A)*,
and refer to the A? distribution with appropriate degrees of freedom. As
we show below, asymptotic equivalences do appear when G E H (a fortiori
when Py jx 2 G), making AV A’ a singular matrix. In many cases of interest,
consistent estimates of AV A’ have an asymptotic rank that exceeds the rank
of AV A', which makes consistent estimation of (AV A")* a di¢cult task (see
also Andrews [1989]). In other words, the main di¢culty for building a test
on the full vector ¢ is that the rank of his covariance matrix depends on
whether or not G E H, which is precisely the hypothesis being tested.

5.2 Limit distributions under the condition GE H

The ..rst order limit distribution of d' when G E H is easily obtained using the
results of the previous subsection. We then have d =0 and

] 1
S (YtJXt; ®o)

SH(YtiXe; o)
SH(YtiXe; o)
1 5H (Y ®0)jxt; o)
1 SHYP (®0)jxt; o)
0
0

1" H
H h=
LI H
H h=

Further, Ky = K, Ky = K, *ony = 453, B = K 6 and

O IKuRigeKd® 0 1 0 jKuKi' 0 0
A JheKd? i KuKgt 0 1 0 0 OE
0 0 00 0 10
0 o 00 0 01

from which we obtain pﬂ\l =0p(1) = pﬂ\z and the asymptotic equivalence

P_ P
T8 = i KuRiY T4 +0,(L):

12



We can be more precise about the limiting behaviour of f; and f; by consid-
ering the expansions

(D) = T i 5Co i KuCe i)+ 0,(2)
THC®) = TIC®) § 50 i VRaCs i ) +0,(D);

wherefrom

T X .n h
i2Th = & o i KaCe i ™) +0p(0);
h=1
T X An h
i2Th, = H Co i VYR i A)"'Op(l):
h=1
Upon gathering previous results,
P— ah P- . P— . ] P- .
TCe1™) =  TRASL(0®)+ TR JueKi'se(®) i TKi'sn( o)

i TKi'S +05(1)
= i TR +0,(1);
yielding the asymptotic equivalences
i2Tf, = TEKiS +0,(1)
TERKIKLKRES, + 0,(1);
i2Tf, = TEKRiES, +0,(1)
= TEKIRLKiS + 0,(1):
Note that i2Tf\1 and i2Tf\2 are not in general asymptotically equivalent.
The limit distributions ca(r; be summarized as follows. Let
Se (YuJXt; ®o)

Ve = E SH(YtXt; o) §

P .
ﬁ het SHYP (®0)jxe; o)

and 3 -
D= JueKi' iRuKi 1

Now Ev; = 0, and letting 8§ = E(vyvl) we have
P_

T8 1 N(OKuKi'DED'KiKL);
p?sz i N(;D8DY;

i2Tfhh 1 M( (Ki'KyKi'DSDY):;
2T, & M( (Ki'D8DY):;

13



where M(_(W)) is the distribution of a weighted sum of independent A?
variates with weights equal to the eigenvalues of W. The matrices D and
8 and the necessary eigenvalues can be consistently estimated by the proce-
dure outlined in the previous subselstlon. If Wg,can determine the rank of the
asymptotic covariance matrices of  T$; and T$,, asymptotic score and re-
versed score encompassing tests follow readily. Asymptotic LR and reversed
LR encompassing tests follow also from the limit distribution given above.
They require the calculation of critical values of weighted sum of chi-squares
distributions, which can easily be obtained by simulation. Note that LR and
reversed LR tests do not require the determination of the rank of a matrix.

5.3 Limit distributions under the condition Pyjx 2 G

Further simpli..cations occur when Pyjx 2 G. We have Fs(®) = Pyjx,
wherefrom Ky = Ky, yielding

A 1
P_ o . o _ 1 X
TS = i TIeKd'se@®)+ T su(o) i o sf(0:®) +0,(2)
p p p A ﬂfl !
_ _ ) _ 1
T8 =  TIeKd'se@®) i T su(o)i a st(T0;®) +0p(1)
h=1

and the asymptotic equivalences
P— P—

Té=1i TS +0,(1)

and

i2Tf, = TEKES +0,(0)
TE&K i, + 0,(1);
= j2Tf +0,(2):

score and reversed score tests and asymptotic LR and reversed LR tests of
Pyjx 2 G can be constructed along the same lines as given in the previous
subsection, taking advantage of the simpli..cations just mentioned.

6 Conclusion

We have outlined alternative procedures to the standard score and LR en-
compassing tests. They follow from restating the encompassing condition in

14



terms of exponentially tilted models. Intuitively, the alternative procedures
are obtained from reversing the roles of the true distribution generating the
data and the pseudo-true distribution of the model under test. Application
requires the models to be estimable by the method of maximum likelihood.
No analytic calculations are needed beyond the analytic ..rst and second
derivatives of the log likelihood functions. The need to calculate mathemat-
ical expectations analytically is avoided by the use of any ..nite number of
simulations from the model under test.
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